$271 Unit 2 THE OPEN UNIVERSITY 
Science: A Second Level Course 
$271 Discovering Physics 


2 Describing motion 


3.1 
a2 


THE OPEN UNIVERSITY 
Science: A Second Level Course 
$271 Discovering Physics 


Unit 2 Describing motion 


Prepared by Alan Durrant for the Course Team 


Contents 
Table A 3 3.3 Adding displacements 34 
Study guide 4 3.4 Velocity and acceleration of a projectile 36 


3.5 Solving projectile problems 39 
Introduction 5 s ; 
3.6 Constant acceleration equations as 


Motion along a straight path 6 vector equations 44 

Displacement-time graphs 6 3.7 Vector notation 45 

Measuring a constant velocity 8 3.8 Summary of Section3 47 

Defining the gradient of a straight line 10 4 Circular motion and rotations 48 

Measuring an instantaneous velocity 11 4.1 Acceleration of uniform circular motion 49 
Acceleration 14 4.2 Angular displacement and angular speed 52 
Acceleration and force—a first look 16 4.3 Translation and rotation of a rigid body 54 
The constant acceleration equations 17 4.4 Summary of Section 4 56 


Summary of Section 1 19 
Objectives 56 


The derivative 19 
ITQ answers and comments 57 


Motion in space 28 
SAQ answers and comments 62 
Describing the position of a projectile 29 


Components ofa vector 31 


E a a ee ee es Se Se 
The Open University Press 


$271 Course Team 


Course Team Chairman: Steve Swithenby 


General Editor: Stuart Freake 


Gerry Bearman (Editor) 

Nick Brenton (BBC-OUP) 

Alan Cooper (Author) 

Robin Cooper (Course Coordinator) 
Alan Durrant (Author) 

Baz East (Graphic Artist) 

Ian Every (Academic Computing Service) 
Graham Farmelo (Author) 

Stuart Freake (Author) 

Keith Hodgkinson (Author) 


Barbara Hodgson (Course evaluation) 


List of Units 


1 Surveying the Universe: an example 
of physical enquiry 


Describing motion 
Dynamics—forces, energy and motion 


Equilibrium, stability and gravitation 


Electrostatics 


2 

3 

4 

5 Mechanics revision 
6 

7 Currents and circuits 
8 


Electrodynamics 


Tony Jolly (BBC-OUP) 

Bob Lambourne (Author) 
Raymond Mackintosh (Author) 
Laurie Melton (Library) 

Cheryl Newport (Course Coordinator) 
Jim Ramage (Author) 

Shelagh Ross (Author) 

Eileen Scanlon (Course evaluation) 
Jane Sheppard (Designer) 

Milo Shott (Author) 

John Stratford (BBC-OUP) 

Steve Swithenby (Author) 

David Tillotson (Course Editor) 
John Walters (Author) 


9 &10 Vibrations and waves 


11 Temperature and heat: towards a 
microscopic explanation 


12 Special relativity 


13 The beginnings of modern atomic physics 


14 Quantum mechanics: theory 
15 Quantum mechanics: applications 


16 Modern physics in dying stars 


The Open University Press, Walton Hall, Milton Keynes, MK7 6AA 


First published 1982. Reprinted 1984, 1987. 


Copyright © 1982 The Open University. 


All rights reserved. No part of this work may be reproduced in any form, by mimeograph or 
any other means, without permission in writing from the publisher. 


Designed by the Graphic Design Group of the Open University. 


Filmset by Composition House Limited, Salisbury, Wiltshire. 


Printed in England by Staples Printers St Albans Limited at The Priory Press 


ISBN 0 335 16116 2 


This text forms part of an Open University course. For general availability of supporting 
material referred to in this text please write to: Open University Educational Enterprises 
Limited, 12 Cofferidge Close, Stony Stratford, Milton Keynes, MK11 1BY, Great Britain. 


Further information on Open University courses may be obtained from the Admissions 
Office, The Open University, P.O. Box 48, Walton Hall, Milton Keynes, MK7 6AB. 


13 


$271 UNIT 2 


Table A List of scientific terms, concepts and principles used in Unit 2. 


Introduced or developed 
Assumed from general knowledge in this Unit 


axis of rotation acceleration 

distance acceleration due to gravity 

Earth satellite angular displacement 

gravity angular speed 

linear average acceleration 

planet average velocity 

radius axis of rotation 

speed centre of rotation 

strobe photograph centripetal acceleration 

tangent line centripetal force 
components (of a vector) 
constant acceleration 


constant acceleration 
equations 


constant velocity 
delta symbol A 
derivative 
differentiation 
direction of a vector 
displacement 
displacement—time graph 
dynamics 

force 

gradient 

initial velocity 


instantaneous 
acceleration 


instantaneous velocity 
kinematics 

limit 

linear function 
magnitude of a vector 
mechanics 

modulus notation | | 
parabola 

particle 

period 

projectile motion 
quadratic function 
rate of change 
resultant 

rigid body 

rotation 

scalar 

speed 

spin 

translation 

triangle addition 


uniform acceleration 
equations 


uniform circular motion 
uniform velocity 

unit vector 

vector 

vector addition 

vector notation 

velocity 

velocity-time graph 


Study guide 


The best way of learning a subject is by doing it. This is the study philosophy adopted 
for Unit 2. Accordingly, most of the ideas and concepts are introduced to you through 
the problems in the ITQs. For this reason you should have by your side a pen or 
pencil, millimetre ruler, protractor and hand calculator or slide rule. You will also 
need access to a set of mathematical tables if your calculator does not have square root, 
sine and cosine facilities. It is important that you make an honest attempt at all the 
ITQs, but if you find yourself stuck don’t spend too much time scratching your head. 
Turn to the answers at the back and make sure you understand what you should have 
done. 


Many of the ITQs ask you to draw graphs and to take measurements from them. This 
will inevitably involve uncertainties in your (and our) measured values, and so you will 
often find that your answers are not exactly the same as ours. You should expect 
uncertainties of about 5%. If your answer differs from ours by more than about 10% 
then this indicates that you have done something wrong, and should check your 
method carefully against the answer given. 


The Sections are not all of equal length. As a very rough guide we suggest you divide 
your study time as follows, based on a nominal 10 hours of study: 


Section 1 3 hours 
Section 2 14 hours 
Section 3 3 hours 


Section 4 24 hours 


Your actual study time for a Section will, of course, depend very much on your back- 
ground. For example, if you have studied MS283 you will find that Section 3, where 
vectors are introduced, will take you much less than three hours. If you have studied 
calculus before (e.g. M100, M101, MS283 or MST281) you will be able to skip the 
whole of Section 2 on the derivative. Those of you who have studied the Science 
Foundation Course will be acquainted with many of the physical concepts we intro- 
duce, but you may find the material on vectors and the derivative entirely new. Of these 
two topics, vectors is by far the most important for this Course. Although the derivative 
notation is used a lot you will not be expected to know how to calculate derivatives. 
On no account should you spend more than two hours on Section 2. 


Section 2 is an audio-visual sequence based on the visual displays framed in pp. 20-26, 
and the audio-cassette tape you received with this Unit. Section 4.1 is based ona TV 
programme, TV2 Acceleration at constant speed? You should try to make an early 
start on this Unit and study the Sections in sequence, so that you will have studied all 
of Sections 1, 2, and 3, and Section 4.1, before viewing the TV programme. (See the 
Broadcast and Assignment Calendar for broadcast dates.) If your personal study plans 
make this impossible for any reason then you should study the Sections in the 
following order, which will still provide you with the necessary background for 
viewing the TV programme: 

Section 1-1.7 

ae —_ before TV programme 

Section 3.7 


Section 4-4.1 
Section 2 


Section 3.4-3.6 ¢ after TV programme 
Section 4.2-4.3 


Units 2—4 make up a Block of three Units on the subject of mechanics. These are 
followed by a revision Unit, Unit 5, which consists of an audio-visual sequence and 


a TV programme, but no main text. So during the study period for Unit 5 you will 
be able to have a second look at Units 2—4 to ensure that you have mastered the 
important concepts. 


Introduction 


One of the obvious facts about the world around us is that it contains matter in 
motion. A game of soccer, the rising and setting of the Sun, an afternoon thunder- 
storm, a meeting of friends, all involve matter in motion, although they often involve 
other things as well. Even those objects normally considered to be at rest, such as your 
house, and the chair you are sitting on, can be seen on a microscopic scale to be made 
up of atoms and molecules in continual motion. While some kinds of motion, such as 
that of a falling stone, appear fairly simple and easy to describe, others very often 
appear to be incredibly complex. Imagine throwing a hammer into the air, and trying 
to describe in detail the motion of its various parts as it twists and turns. 


Not surprisingly the study of how and why things move, known technically as 
mechanics, has been a central theme in the history of the development of science. The 
ancient Greeks, who made such great strides in many areas of human endeavour 
including philosophy and mathematics, were often spectacularly wrong in their 
attempts to describe how and why things move. Aristotle, whose views on motion held 
sway for nearly 2 000 years, claimed, for example, that if one body is, say, four times as 
heavy as another it will fall to Earth four times as fast, an assertion that you could 
disprove here and now simply by observing the free fall of a 2p coin and a 4p coin when 
simultaneously released. Although rough and ready, this simple experiment should be 
enough to persuade you that both coins fall at approximately the same rate, even 
though the 2p coin is four times heavier. It was Galileo (1564-1642), by his celebrated 
‘leaning tower of Pisa’ experiment, who first argued that all objects fall to Earth 
at approximately the same rate. As to the causes of motion, the ancient Greeks 
could provide only mysticism and tautology. Thus, according to Aristotle, a coin falls 
to Earth because it is made of earthly material and the Earth is its natural place; and, 
in similar vein, smoke rises because smoke is a fiery substance and the natural place 
of fire is in the air. Celestial bodies such as the Sun, Moon and planets were believed to 
be ofa heavenly composition and to move around the Earth in circular orbits because 
the circle is the most perfect geometrical shape. 


The Greeks may have been great thinkers but, with a few notable exceptions such as 
Pythagoras and Archimedes, they were not scientists in the modern sense of the term. 
Modern science is based on the idea that the world can be understood only by first 
making careful observations and measurements. Galileo’s achievement was to 
realize the importance of observation and measurement to the study of motion. In 
addition to his experiments on falling bodies, he carried out a famous series of 
experiments with balls rolling down inclined planes which brought him close to 
discovering the law of inertia: a body moves in a straight line at constant speed while 
no forces act upon it. The seventeenth century was a very fertile period in the develop- 
ment of mechanics as a science. A Danish astronomer, Tycho Brahe, made detailed 
and accurate measurements of the planetary orbits. The German mathematician, 
Johannes Kepler, using Tycho’s results, was able to show that a planet moves in an 
elliptical path, thus disproving Aristotle’s assertion that celestial bodies move in 
circular orbits. Mechanics was presented to the world as a scientific theory by Isaac 
Newton (1642-1727) in a publication entitled Principia Mathematica. Newton’s three 
laws of motion, still valid today in all but the most extreme applications, revealed order 
and simplicity in all dynamical phenomena, and demonstrated that the whole 
Universe—celestial bodies and stones alike—obeyed one and the same set of laws. 


This Unit is concerned with developing a language for describing how things move. 
The language for describing motion is known, technically, as kinematics. The im- 
portant kinematical concepts are displacement, velocity and acceleration, especially 
acceleration which is the key to understanding the causes of motion—the main 
subject of Unit 3. The definitions of velocity and acceleration involve the idea of the 
rate of change of one quantity with respect to another. This will require the intro- 
duction of a mathematical concept called the derivative which is a very precise 
description of the everyday notion of rate of change, and has wide application through- 
out science and technology. Because the world is three-dimensional we shall find it 
necessary to discuss the directions of velocity and acceleration as well as their 
magnitudes. You will find, surprisingly perhaps, that a body’s velocity and its 
acceleration can be in different directions, even at right angles to one another. 
Quantities like velocity and acceleration, having both magnitude and direction in space, 
are known as vectors, and one of the aims of this Unit is to show you how to handle 
vector quantities. 


While Unit 2 is concerned with describing how bodies move (kinematics), Unit 3 will 
go on to study the causes of motion, known technically as dynamics. This will centre on 


mechanics 


kinematics 


dynamics 
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the concept of acceleration and the additional concepts of force and mass. The three 
concepts—force, mass and acceleration—are bound together in Newton’s three 
celebrated laws of motion upon which the whole science of mechanics is based. 
Other dynamical concepts, such as momentum and energy, will also be introduced in 
Unit 3, and you will see their significance in the role they play in conservation laws, 
which make it possible to study complex mechanical phenomena such as collisions, 
where it would be difficult to apply Newton’s laws of motion directly. 


Unit 4 will start with a practical down-to-earth flavour. You will study forces in 
equilibrium (i.e. in balance), and the principles behind many simple, familiar, 
mechanical devices such as pulleys and levers. The force of gravity, which plays such 
an obvious role in our everyday lives, will be studied from a more universal point of 
view based on Newton’s famous law of universal gravitation which leads to an under- 
standing of the motion of satellites and the orbits of the planets. 


Units 2-4 provide you with a three-Unit Block on the subject of mechanics (the term 
includes both kinematics and dynamics). We have also made Unit 5 a revision Unit so 
that you will be thoroughly acquainted with the important concepts of mechanics 
before you move on to other topics. As the Course progresses to study other areas of 
physics—electromagnetism, relativity, and quantum theory—it will continually 
draw upon the principles of mechanics developed in these three Units, and you will 
come to see mechanics as the most fundamental area of physical science. This is why 
we have put it at the beginning of the Course. If you have not studied mechanics before, 
you may well find these three Units hard going, but we hope you will persevere 
because mechanics is the key that unlocks so many of nature’s secrets. 


Motion along a straight path 


While many of the interesting things we wish to study involve motion along a curved 
path, such as the motion of a planet, or the trajectory of a cannon ball, it is obviously 
a sensible strategy to begin with the more simple case of motion along a straight path. 
Despite this restriction, we can find many naturally occurring examples that are not 
at all trivial; the free fall of a stone released from rest, for example, or the motion of a 
car along a straight road. The advantage gained by this restriction is that the position 
of the moving body at any instant of time can be specified by giving a single number, 
and, of course, a unit. This number represents the displacement of the body from a 
fixed reference point on the line. The fixed reference point can be arbitrarily chosen— 


A 
-20 m (0) + 30m 

the starting point of the journey, for example. In Figure 1, the arbitrary reference point 
is a point O on a straight road. The position of the car shown is described by a dis- 
placement from O of 30 metres. Displacements to the left of O can be distinguished by 
using a negative sign. Thus the displacement of the pedestrian is — 20 m from O. The 
word distance is used to mean the magnitude of the displacement irrespective of sign. 
Thus distance is always a positive quantity. 


Displacement-time graphs 
Suppose the displacement of the car in Figure 1 is measured at 5-second intervals for 


1 minute. The result could be displayed in tabular form (Table 1). 
The data can also be displayed visually by plotting the points on a graph. 


ITQ1 (i) Plot the results of Table 1 as points on a graph using the labelled 
axes in Figure 2. 


(ii) Draw a smooth curve through your points. 


The continuous line passing through the points is called the displacement-time graph. 
Using the graph, you can read off the displacement at any given instant of time, or vice 
versa. 
ITQ 2 (i) Estimate from your graph the displacement after 32 seconds. 
(ii) Estimate how long it takes to travel the first 100 metres. 


displacement 


Figure 1 Displacements from a 


reference point O. 


Table 1 The displacement of a car 


at various times 


Time/s 


Displacement 
from O/m 


105 
120 
135 


150 
100+ 
€ 
= 
oO 
z 
v 
3 
z 
3 
504 
0 i T <= T i — 
0 20 40 60 


time/s 


The displacement-time graph is a very simple description of the motion, easy to 
construct from the table of measurements, and easy to use to determine displacements 
in given time intervals and vice versa. There are, however, a number of arbitrary 
conventions you should be aware of. First, we nearly always plot displacements along 
the vertical axis of the paper, and time along the horizontal axis. We could choose to 
do it the other way around, but nearly everyone agrees on the convention and that 
makes life easy. Similarly, all* scientists agree to measure distances in metres or 
kilometres, as opposed to feet, inches or fathoms; and they measure time in seconds. 
This is part of an internationally agreed system of units known as SI, which stands for 
International System of Units. This Course will use SI units throughout. The use of an 
oblique slash (/) in Table 1 and in Figure 2 is also part of the SI convention. The slash 
denotes a ratio, thus: 


; displacement in metres 
displacement/metre = 


1 metre 


This ratio is just a number, and so the entries in the Table, and the labelling of the axes, 
are just numbers. 


displacement / m 


There are other conventions regarding the way we measure displacement and time 
that are very arbitrary in the sense that we make our decisions according to the 
particular convenience of the problem in hand. Look at the graph in Figure 3. It 
represents the same motion as before, only the displacement measurements have been 


* This is not strictly true—recall Unit 1. 
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Figure 2 Plot the data of Table 1 here. 


Figure 3 Displacement-time graph of 
car, with displacements measured from 
the point A of Figure 4. 


2 


(0) A 
-25m 


taken from a different reference point, the point A, which is 25 m to the right of O, as 
shown in Figure 4. With this choice of reference point, the journey starts at a dis- 
placement —25 m from A. Different choices of reference point simply shift the graph 
upwards or downwards without changing its shape. Now look at Figure 5. Again this 
represents the same motion as before, but a more radical change of convention has 
been used. 


150 

135 

100 
= 
= 
vo 
z 
8 
3 
T 
E 

504 
0+4 T T 
0 20 40 60 


time/s 


By comparing Figure 5 with Figure 2, can you say what the new convention is? 


The position of the car after one minute has been taken as the point of reference, 
and displacements to the left are taken as positive. Thus at time zero, when the 
car is at its starting point, it has a displacement of + 135 m. 


You should always be alert to the arbitrary choice of the positive direction. Reversing 
the choice turns the graph upside down (compare Figure 5 with Figure 2). Now 
attempt ITQ 3. 


ITQ3 Figure 6 shows a displacement-time graph for a stone released from 
rest at a height of 10 m above the ground. 


(i) What choices of reference point and positive direction have been made? 


(ii) Sketch roughly the distance-time graph of the same motion using the 
point of release as fixed reference point, and taking downwards as the positive 
direction. 


Measuring a constant velocity 


We are often interested in knowing how fast an object is travelling. The displacement- 
time graph does not give this information directly, but it is possible to discover how 
fast the body is moving by making certain measurements on the graph and doing some 
simple arithmetic. Look again at Figure 2. Notice that after about 30s the graph 
appears to be linear, that is, a straight line. Equal distances are travelled in equal 
intervals of time. Figure 7 is a blow-up of this linear portion of the graph. By looking 
at the interval between 40 and 50s you can see that the displacement of the car 
changes from 75 to 105 m. This is a rate of change of displacement equal to 


(105 — 75) metres 
(50 — 40) seconds 


= 3 metres per second =3ms_' 


Figure 4 The displacement of point O is 
—25 m from point A. 


Figure 5 Displacement-time graph for 
the moving car. 


displacement /m 


= T 
0 l 
time/s 
Figure 6 Displacement-time graph for a 
falling stone. 


linear graph 


1505 


displacement / m 


75 


504 


time/s 


We use the term velocity to mean rate of change of displacement. Thus: 


change of displacement 


velocity = 1 
a time interval (1) 
This is the definition of velocity for a body whose displacement-time graph is a 
straight line. You will see later in this Section how the definition will have to be 
modified when the body is not travelling equal distances in equal time intervals and 


the graph is not a straight line. 


The velocity is positive when it is directed towards the chosen positive direction, and 
negative when directed opposite to the positive direction. In the above example, the 
velocity is positive because the displacement is increasing with time. The familiar word 
speed is used for the magnitude of the velocity irrespective of sign, and so speed, like 
distance, is always positive. 


The same velocity is found by considering the change of displacement in any other 
interval of time on the linear part of the graph, as you will see from ITQ 4. 


ITQ 4 Determine the velocity of the car by making measurements on the 
graph in Figure 7 in the interval from 45 to 60s. 


For obvious reasons, the velocity measured from a straight-line graph, by means of 
equation 1, is called a constant velocity, or in some texts a uniform velocity. Now 
attempt ITQ 5. 


ITQ5 Figure 8 shows the displacement-time graphs for four different bodies 
each moving with a different constant velocity. Assuming the displacement and 
time scales to be the same in each case, arrange the bodies in order of increasing 
constant velocity. 


ee 


displacement 


> ——> 
time 


You have seen from ITQ 5 that it is the steepness of the graph that represents the 
velocity. The technical term for the steepness of a graph is gradient, and we shall use 
this term from here on. The gradient of a graph is one of the important concepts of this 
Unit. You have seen it here in the context of the displacement—time graph, where it 
represents velocity or rate of change of displacement. In other contexts, the gradients of 


graphs will represent the rates of change of other physical quantities, as you will see in 
ITQ 6 later. 
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Figure 7 Blow-up of the linear portion 
of Figure 2. 


velocity 


speed 


constant velocity 


Figure 8 Displacement-time graphs for 
ITQ 5. 


gradient 


rate of change 


1.3 


Because graphs are not always linear (i.e. straight lines), we shall have to be clear 
about what is meant by the gradient of a curved graph. Look back at Figure 2. What is 
the gradient at 10 s? What is the velocity at 10 s? The graph is curved in those regions, 
and so it is not obvious how the gradient of the graph or the velocity of the body is to 
be defined. Actually these are very profound questions. Newton found it necessary to 
invent a new branch of mathematics, now known as calculus, to help him deal with 
gradients. Fortunately, the basic ideas behind the gradient of a curved graph are quite 
simple, and will be dealt with in Section 2 in connection with a more general definition 
of velocity. In the meantime, we clarify how the gradient of a straight line is defined, 
and give examples illustrating the interpretation of gradient in terms of the physical 
quantities plotted. 


Defining the gradient of a straight line 


Figure 9 shows a linear graph for a quantity labelled y plotted against another 
quantity labelled x. In the examples you have seen so far, y has been the displacement 
and x the time, but here we are going to be more general. x and y can represent any 
two physical quantities. P and Q are arbitrary points on the graph with coordinates 
(x1, yı) and (x3, y2) respectively. The gradient of the straight line is defined by 


VESER 
X2— Ki 


gradient = 


(2) 


Make sure you can use this definition. 


ITQ 6 By choosing arbitrary points P and Q on the graphs, measure and 
interpret the gradients in Figure 10. 


Two points came out of ITQ 6. First, you saw how the definition of gradient auto- 
matically assigns a negative gradient to a graph sloping from top left to bottom right. 
Secondly, as mentioned earlier, the concept of gradient has very wide application. 
This is why we chose to label the axes of Figure 9 as y and x rather than displacement 
and time. It is important always to assign the correct units to the gradient. The units 
of the gradient will be the units of y (the quantity plotted on the vertical axis) divided 
by the units of x (the quantity plotted on the horizontal axis). Thus, for example, we 
would say that the gradient of the graph in Figure 10(ii) is 1 000 kg m°. 


a 


a 


P 
| 
| 
| 
| 
| 
a 


Figure 9 A linear graph of y versus x. 


The gradient is defined by 
Y2- = Vi 
BOR 


gradient = 


* temperature/°C 


135 


124 


T 
X 


> 


* cost/ pence mass of water/kg 
2004 1000 
so- 
= 5004 
504 
0 + T > 0 T T > Ai 


0 0.5 1.0 0 0.5 1.0 


(i) mass of sugar/kg (ii) volume of water/ m° 


A piece of shorthand will prove to be useful, and is widely used by scientists. If a 
quantity labelled x changes its value from x, to x, then the change (x, — xı) is 
denoted by Ax where the symbol A, the Greek capital letter ‘delta’, is used as a short- 
hand for ‘change in the value of’. It does not mean A multiplied by x! We read Ax as 
‘delta ex’. Similarly, Ay is used to represent (y, — y,), which is the change in the 
value of y. Hence the gradient can be expressed as 


Y2 — Ji _ change inthe valueofy Ay 


radient = = - = 
Z X2 —Xı change in the value ofx Ax 


: Ay 
o dient = — 
r gra T 


T 
0 500 


(ii) altitude/m 


Figure 10 Graphs for ITQ 6. 


delta 


T 
1000 
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Measuring an instantaneous velocity 


Look again at Figure 2. In the interval from 0 to 20s, the graph is curved. This in- 
dicates that the velocity is changing. The car is accelerating from rest. Figure 11 is a 
blow-up of this region. How can we define what is meant by the velocity of the car at a 
particular instant of time? For example, what is the velocity at 5s? The question 
refers to the velocity at an instant, or the instantaneous velocity as it is called. Think 
how we defined a constant velocity in the previous Section. We considered an interval 
of time, and measured the corresponding change in the displacement. We can do 
something similar here. Consider the interval from 5 to 20 s. The change in the dis- 
placement in this interval is seen to be (20 — 1) m, i.e. 19 m. The car has travelled 
19 m in an interval of (20 — 5)s, i.e. 15s. This is 19 m/15 s = 1.27ms~?. But this is 
not the velocity at an instant. It is an average velocity over the interval from 5 to 20s. 


204 


displacement/m 


= 


i 
0 5 10 15 20 


time/s 
Similarly, you could measure the average velocity over the interval from 5 to 15 s: 


(i-—i)m_ 10m 


ave velocity = = = 1.0ms! 
verage ity (5 — 5)s 10s ms 
and again over the interval from 5 to 12s: 
7.2—1 6.2 
average velocity = ( Jm m= m. 


(12—5)s 70s 


You could in principle go on like this, measuring average velocities over shorter and 
shorter intervals of time from 5 s. In practice, it becomes increasingly difficult to obtain 
an accurate answer because you have to subtract numbers of similar magnitudes. The 
exercise, however, is well worth doing and quite revealing. 


ITQ7 (i) Measure, as accurately as you can, the average velocities over the 
following intervals: 


5to 10s; 5 to 9s; 5to 8s;and 5 to 7s. 


(ii) Show your answers by plotting four additional points on the graph in 
Figure 12. 


The velocities you calculated and displayed on the graph are still average velocities, 
but they are measured over smaller and smaller intervals from 5 s. You can imagine 
making the intervals even shorter than those you used in ITQ 7, and so calculating 
more points. 


Figure 11 


instantaneous velocity 


average velocity 
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Blow-up of the curved part of 
the graph in Figure 2. 


11 


0.84 


; i 3 
interval from 5 seconds/m s 


average velocity over an 


T REEE T F aa a ap 


T 
4 6 8 10 12 14 16 18 
duration of interval from 5 seconds/s 


© 
N4 


Where do you think these points would lie on the graph of Figure 12? 


They would lie on the dashed line shown, which cuts the axis at about 0.55 m s~}. 


The velocity of 0.55 m s~ * is called the limit of the average velocity when the time 
interval from 5 s is made smaller and smaller. This limit provides us with a definition 
of the instantaneous velocity at 5s. Thus 


limit of average velocity as the time interval 6) 


instantaneous velocity = . 
y is made smaller and smaller 


It helps to think about what we have done in terms of the gradients of straight lines. 
Look at Figure 13. The average velocities we calculated are the gradients of the 
straight lines shown in Figure 13, because each straight line passes through the 
beginning and end points of the relevant intervals. As the intervals become smaller and 


204 


displacement/m 
> 
| 


5 
0 T ey ses a SS 
0 5 10 15 20 
time/s 


Figure 12 The average velocities of the 
car are plotted against the durations of 
the time intervals over which they are 
computed. The three points shown are 
for the average velocities computed in the 
text on p. 11. Plot the four average 
velocities of ITQ 7 on this graph. 


limit 


instantaneous velocity 


Figure 13 The average velocities plotted 
on Figure 12 are the gradients of the 
chord lines passing through the graph at 
t= 5s. 


smaller, so the lines crowd together and become nearly indistinguishable from one 
another. This corresponds to the average velocity coming closer and closer to its limit. 
Figure 14 shows the straight line that just touches the graph at 5 s. It is the limit of the 
lines drawn in Figure 13. It is called the tangent line at 5 s, and its gradient gives the 
instantaneous velocity at 5s. You should check by measurement that its gradient is 
about 0.55ms~', the instantaneous velocity deduced from Figure 12. 
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displacement/m 
S 
come 


tangent line 
at 5 seconds 


T T 


= T 
0 5 10 15 20 
time/s 
You now have a graphical definition of instantaneous velocity, which is easy to use, 


though limited in accuracy because of your subjective judgement in drawing the 
tangent line: 


gradient of tangent line 


instantaneous velocity = : : 
Y= on displacement-time graph 


(4) 


In practice, it is much easier to use this graphical definition of instantaneous velocity 
than to calculate the limiting value of the average velocities as you did in ITQ 7 and 
Figure 12. To illustrate the point, attempt ITQ 8. 


ITQ 8 Table 2 shows displacement-time measurements obtained from a 
strobe photograph of a ball falling from rest under gravity. See for example 
Figure 15. Plot the points on a displacement-time graph using the graph paper 
in Figure 16. Determine the instantaneous velocity at 0.2 s by drawing a tangent 
line at 0.2 s and measuring its gradient. Repeat the procedure at 0.6 s. 


Table2 Displacement-time measure- 
ments for a falling ball 


Time /s Displacement /m 
0.0 0.00 
0.1 0.05 
0.2 0.20 
0.3 0.44 
0.4 0.78 
0.5 1.24 
0.6 E75 
0.7 2.40 
0.8 Fls 
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tangent line 


Figure 14 The instantaneous velocity of 
the car at t = 5 s is the gradient of the 
tangent line that just touches the graph 
att = Ss. 


Figure 15 Part of a strobe photograph 
of a falling body. The scene is illuminated 
by flashes of light at the rate of 10 flashes 
per second. The strobe interval is 
therefore 0.1 s. This is the interval 
between any two adjacent images in the 
photo. 


1.5 


displacement/m 


Acceleration 


Table 3 shows the measured velocities of the falling ball of ITQ 8 at six instants of 
time. These velocities are instantaneous velocities, but in what follows we shall use the 
word velocity to mean instantaneous velocity. You will probably recognize two of the 
entries as being the ones you measured in ITQ 8. 


Just as the displacement versus time data of Table 1 were plotted to obtain a dis- ` 
placement-time graph, so you can plot the velocity versus time data of Table 3 to 


obtain a velocity-time graph. 


ITQ9 Plot the points of Table 3 on the graph paper in Figure 17, and draw a 
smooth line through the points. 


Table 3 Velocities of the falling ball 


Time from 
telease/s 


0.0 
0.2 
0.4 
0.6 
0.8 
1.0 


velocity/ms ! 


0 0.2 


14 


0.4 


0.4 
time/s 


Velocity of falling 
ball/m s~? 


0.6 
time/s 


0.00 
1.97 
3:99 
5.80 
7.81 
9.80 


0.8 


Figure 16 


Plot the data of Table 2 here. 


velocity-time graph 


Figure 17 


Plot the data of Table 3 here. 


The graph shows directly how the velocity of the ball varies with time. You will have 
noticed that your graph is a straight line. This is an example of a well-known experi- 
mental observation that, provided air resistance can be neglected, a body falling 
freely from rest increases its velocity at a constant rate. 


ITQ 10 Measure the gradient of your straight line. What physical quantity 
does this gradient represent? What units do you associate with this gradient? 


The rate at which velocity changes is called acceleration, a term you will be familiar 
with from its everyday use in connection with the performance of motor cars, etc. 
Your measurement in ITQ 10 was a measurement of the constant acceleration of the 
falling ball. Accurate measurements of the acceleration of falling bodies in the 
absence of air resistance give the value 9.8 ms~? (to two significant figures). This 
value is independent of the shape, size, and composition of the falling body, and is 
known as the acceleration due to gravity. It is usually represented by the symbol g. 
Thus 


acceleration due to gravity: g = 9.8 m s~? 


The precise value of g varies slightly from place to place on the Earth’s surface. For 
example, it is 9.812 m s7? in London, and 9.801 ms~2 in Washington, U.S.A. 


The curve in Figure 18 shows the velocity-time graph of a falling ball over a very 
much longer period of time than that observed in Table 3. After a few seconds the 
graph becomes markedly curved indicating that the acceleration is no longer constant. 
The velocity is continuing to increase, but less rapidly. This is an effect of air resistance, 
which becomes appreciable at high velocities. 


- 


w 
© 
ee er 


z 


velocity/m s 


4 


i: 1 
4 


time/s 


In order to discuss this non-linear behaviour, it is useful to define an instantaneous 
acceleration using the same principles that were developed in the previous Section to 
define an instantaneous velocity. That is, we draw a tangent line on the curve at the 
instant in question and measure its gradient. Thus for a velocity-time graph, we have 


Z s radient of tangent line 
instantaneous acceleration = È E (5) 


on velocity-time graph 


In Figure 18, a tangent line has been drawn at the point on the curve where the time is 
3.75s. Its gradient of 3.9ms~? is the instantaneous acceleration of the ball at 
3.75 s. You should check this value by measuring the gradient yourself. As expected, 
this acceleration is less than the value g = 9.8 ms” *, which applies in the absence of 
air resistance. You should check that the gradient is approximately 9.8 m s~? in the 
linear part of the graph in the interval from 0 to 1 s where the effects of air resistance 
are negligible. Now try another example. 
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acceleration 


constant acceleration 


acceleration due to gravity 


Figure 18 The velocity-time graph of 
falling ball. The gradient of the tangent 
line at 3.75 s gives the instantaneous 
acceleration of the ball at 3.75s. 


instantaneous acceleration 


a 


15 


1.6 


a 


velocity / ms 


time/s 


ITQ 11 Figure 19 shows the velocity-time graph of a car during a short 
journey along a straight road. (i) Measure the instantaneous acceleration at 
10s, 40s and 55s. (ii) Give a one-sentence description of the journey using 
everyday language. 


The term deceleration is often used to describe the slowing down of a body, as occurs 
in the interval from 45 to 60s in Figure 19 where the gradient is negative. A deceler- 
ation is just a negative acceleration. Thus, we would say that the acceleration of the 
car in Figure 19 at 55s is —1.3ms 7. 


Acceleration and force—a first look 


The displacement and velocity of a moving body are obviously of interest in practical 
examples of motion because they represent the answers to questions of the kind ‘how 
far... ? and ‘how fast... ? But it is the acceleration that is of fundamental importance 
in mechanics. The reason for this is that acceleration is found to be related to the 
forces acting on the body. This relationship is expressed by Newton’s second law of 
motion, which gives the acceleration of a body as the net force acting on the body 
divided by the mass of the body: 
net force 


acceleration = ————__—_ 
mass of body 


In the next Unit, you will see how force and mass are defined and study Newton’s 
second law of motion more thoroughly. We are giving you a brief preview of this 
material here so that you can appreciate the significance of the concept of acceleration 
in mechanics. 


Consider the case of the car in ITQ 11. You found its acceleration at 10s to be 
0.66 ms”. Suppose the mass of the car is 1 000 kg. Then, from Newton’s second law 


above, we have 
net force 


~ 1000kg 
Hence the net force has a magnitude of 0.66 m s7? x 1000 kg = 660 kg m s™?. This 


net force represents the traction force of the engine minus the various opposing 
forces of friction. 


0.66ms 


ITQ12 Calculate the net force acting on the car in ITQ 11 at 40s and at 55s. 
Use the accelerations you found in ITQ 11. 


You may be surprised to find that there is no net force acting on the car when it is 
moving at a constant velocity. The reason is that the traction force provided by the 
engine is exactly balanced by various opposing forces of friction, chiefly air resistance 
when driving at high speed. These matters will be discussed much more fully in the 
next Unit. 


16 


ae 


60 70 


Figure 19 The velocity-time graph of a 
car on a short journey. 


force 


1.7 


The constant acceleration equations 


You have seen that a falling ball moves with a constant acceleration provided the 
effects of air resistance can be neglected. In other examples of motion from our every- 
day lives, the motion of cars or trains etc., the accelerations are usually not constant. 
Even so, it is often a good approximation when solving problems to assume that they 
are constant. The car journey represented by Figure 19, for example, could instead be 
represented by the approximation shown in Figure 20. The curved graph has been 
replaced by three straight lines representing a constant acceleration, a constant 
velocity (i.e. a zero acceleration), and a constant negative acceleration (i.e. a decelera- 
tion). The advantage gained is simplicity of description; the price paid is some 
loss of accuracy. 


For cases of constant acceleration, the velocity acquired and the distance travelled in 
a given time interval can be calculated by using one or more of three simple equations. 
These equations, known as the constant (or uniform) acceleration equations, are easy 
to use and will find many applications in this Course. We shall derive these equations 
from Figure 21, which shows the linear velocity—-time graph of a body moving with a 
constant acceleration. You can see that there are no numbers on the axes. Instead, we 
have represented velocities and times by symbols. The symbol t represents the time 
measured from a zero point of time where the velocity is u. This velocity, occurring at 
time t = 0, is often referred to as the initial velocity. The symbol v is used to denote the 
velocity at the later time t. 


ITQ 13 Express the gradient of the graph in Figure 21 in terms of u, v and t. 
You should use the time interval from 0 to t and the definition of gradient given 
by equation 2, Section 1.3. 


Using the symbol a to denote acceleration, you can express your answer as 


V= 
=g 
t 


This equation can be written in a more conventional form by first multiplying both 
sides by t to give 


v—u=at 


This is the first of three constant acceleration equations we shall derive. To see the kind 
of problem that can be solved by using equation 6, attempt ITQ 14. 


and then adding u to both sides 


ITQ14 (i) A racing car moves away from rest with a constant acceleration ` 


of 0.67m s~ ?. Calculate the velocity of the car after 26s. 


(ii) How long does it take for the car to increase its velocity from 5m s~! to 
10ms~!? 


Although we didn’t tell you, the constant acceleration in ITQ 14 is the same as that of 
the car in the first part of the velocity-time graph of Figure 20. You should check this 
by measuring the gradient of the straight line in the interval from 0 to 26 s. You can 
also check your answers to ITQ 14 by reading velocity values directly off the graph. 


Now consider a different kind of question. What is the displacement of the car (in 
ITQ 14) from its starting point after 10s? We cannot use equation 6, because dis- 
placement does not appear there. How then can this question be answered? It will 
help to think first about a simpler problem. Suppose a body moves with a constant 
velocity v, that is, a zero acceleration, as shown in Figure 22. Then we can use a rule 
that every traveller knows: distance travelled equals velocity multiplied by time. In 
symbols, this is 


s= vt 


where s is the displacement from the starting point after travelling with velocity v for 
time t. Notice that this displacement is equal to the shaded rectangular area in 
Figure 22, the area under the graph in the interval from 0 to t. Surprisingly, the simple 


relationship 
displacement = area under velocity-time graph 
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Figure 20 An idealization of Figure 19. 
The three straight lines describe constant 
accelerations that are good 
approximations to the actual motion of 
the car. 
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ve 


+ > 
0 t time 


Figure 21 Velocity-time graph of a 
body moving with a constant 
acceleration. The velocity u is the initial 
velocity, that is, the velocity at time 

t = 0. The velocity v is the velocity at a 
later time £. 


constant acceleration equations 


4 velocity 


U E pan 


areav xi 


—> 
t time 


Figure 22 Velocity-time graph of a 
body moving with a constant velocity v. 
The distance travelled by the body in a 
time ¢ is given by the grey area. 


is always true, even when the body is being accelerated and the area is non-rectangular. 


While the proof of this statement involves mathematics beyond the scope of this 
Course, the underlying principles are revealed in Figure 23. The heavy line is the 
velocity—time graph of a body moving with a non-zero acceleration. The lightly drawn 
staircase is an approximation to this motion in which it is assumed that the velocity 
changes in small steps or spurts, with a constant velocity between two adjacent spurts. 
Thus, between the spurts at t, and t, the velocity is constant and equal to v, and the 
displacement, v(t, — t,), is equal to the shaded rectangular area, just as it was in 
Figure 22. Thus, the displacement over the whole journey is approximately equal to 
the sum of all the rectangular areas under the staircase. Now, when the number of 
spurts is made very large and the intervals between spurts very small, as in Figure 24, 
the staircase approximation becomes practically indistinguishable from the velocity- 
time graph of the body. It then follows that the displacement for the whole journey, 
equal to the sum of all the rectangular areas, is also equal to the area under the curve. 


This connection between displacement and area can be applied to Figure 21 to obtain 
a constant acceleration equation involving displacement. You can discover this 
equation for yourself in ITQ 15. 


ITQ 15 The area under the graph in Figure 21 over the time interval from 0 
to t is a trapezium made up of a rectangle with base of length t and a height u, 
and a triangle of base t and height (v — u). Express the area of the trapezium in 
terms of u, v and t. (Remember, the area of a triangle is one half the base times 
the height.) 


The area you have just calculated is the displacement s of the body in the time t. Thus, 
s = ut + 3(v — ut 


But from equation 6 we know that (v — u) = at, and so we obtain 


Now try using equation 7 in ITQ 16. 


ITQ 16 A stone falls from rest with the acceleration due to gravity, g = 
9.8 ms”. Calculate how far it has fallen after 2 s. 


Now try ITQ 17. This is rather harder because it involves using both equation 6 and 
equation 7 to eliminate the time t, which is not given in the problem. 


ITQ 17 Calculate how fast the stone in ITQ 16 is moving after it has fallen 
through 2 m. 


It is useful in problems such as this to eliminate the time t from equations 6 and 7 to 
obtain an equation giving the velocity directly in terms of the acceleration and the 
displacement. To do this, we first use equation 6 to write the time t as 


OS 


a 


Then substitute this expression for t into equation 7, 


: (=) Te 
. S= U + 3a 
a a 


This equation can be simplified by multiplying out the brackets 


s = ut + tat? 


uv u , (ve? — Quy + uw? 
S= = + 3a z 
a—a a 
uv | nuit 
= St, 
a ta gä a 


u? + 2as (8) 
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Figure 23 Velocity—time graph of a 
body moving with a constant 
acceleration. The lightly drawn staircase 
is an approximation. 


* velocity 


— 


> 
time 


Figure 24 Velocity-time graph of a 
body moving with a constant 
acceleration. The lightly drawn staircase 
is a better approximation than the one in 
Figure 23. 


ITQ 18 Use equation 8 to find the answer to ITQ 17. 


1.8 Summary of Section 1 


1 When a body moves along a straight line, its position at any instant is described by 
its displacement s from a fixed reference point on the line. The displacement s is 
positive or negative according to its direction along the line from the reference point. 
The magnitude of the displacement, irrespective of sign, is called distance. 


2 Velocity v is the rate of change of displacement. The gradient of a displacement- 
time graph at a point is equal to the velocity of the body. 


A linear displacement-time graph indicates a constant velocity. 


The gradient of a curved displacement—time graph at a point is the gradient of the 
tangent line at that point, and is equal to the instantaneous velocity. 


3 Acceleration a is rate of change of velocity. A linear velocity-time graph indicates 
a constant acceleration. 


4 The symbol A... means ‘change in the value of ...’. Thus Ax means the change in 
the value of x, where x can represent any changing physical quantity such as dis- 
placement, velocity or time. 


5 Inthe absence of air resistance, all bodies fall with the constant acceleration due to 
gravity: g = 9.8 m s™?. 


6 When a body moves along a straight line with a constant acceleration a, its 
displacement s and its velocity v at time t are given in terms of its initial velocity u (i.e. 
its velocity at t = 0) by the constant acceleration equations 


v=u+at : (eq. 6) 
s = ut + tat? (eq. 7) 
v? = u? + 2as (eq. 8) 


Self-assessment questions for Section 1 


SAQ 1 A bullet is fired vertically upwards with a muzzle velocity (i.e. an initial 
velocity) of 300 m s~ +. Calculate the maximum height reached. Assume it travels with 
the acceleration of gravity, i.e. 9.8 m s7? directed vertically downwards. (Hint: The 
bullet’s velocity is zero at the instant it reaches its highest point.) 


SAQ 2 An aircraft, starting from rest, has to take off using an 800m runway. 
Calculate the constant acceleration required if it needs to acquire a take-off speed of 
50 m s™!. 


The derivative 


‘The book of nature is written in mathematical form’. Galileo (1564-1642). 


Measuring the gradients of a curve at a very large number of different points can be an 
extremely tedious process and is not always precise. Fortunately there is a technique 
for calculating the gradient of a graph at any point on it, once the shape of the graph is 
known as an algebraic formula. This technique is known as differentiation, and a 
gradient so calculated is called a derivative. Differentiation is part of a branch of 
mathematics called calculus, invented by Newton and a German mathematician called 
Leibniz, as an aid to their studies of motion and its causes. You will see that the 
procedure for calculating derivatives is simply the algebraic equivalent of measuring 
the gradient of a graph by drawing a tangent line, but is much more efficient. Our aim 
in this Section is limited. We shall show you how the derivative is defined and how it is 
used to calculate the gradients of graphs of the kind you met in Section 1. 


Study comment Now switch on the tape and refer to the numbered Frames on 
the following pages. From time to time the tape commentary will ask you to 
switch the tape off and do a specified piece of work. When you have completed 
the work you should switch the tape back on to continue the commentary. 


differentiation 
derivative 
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O- and Quadratic Functions 
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Linear Function 
3 MWE + G 


constant numbers 


gradient z 


Quadratic Function 


constant numbers 


gradient >?? 


K g | 
(3 crasicnt of a Linear Function 4 EEN 


From the graph_ Calculate the gradient of y= 3x41 


gradient 


gradient 


y(x+4*) = 


y() = 


gradient = ..line 4 


From the Formula .. line 5 


answer on page 27 


By 
grodient = NE 


= y(&x+Ax)-y) line] gradient of y Una e e a OY a proof on page 27 
Ax Bx 


y @+O~x) =O5x@+Ax)+2 Pinea 


brackets here brackefs here 
mean ya x +Ox mean multiply 


y&) = O5x4+2 hy. 
gradient = OSx@+4x)+2-O5x4+2) i (5 EA 
E a aa Ax 


o.5x+0.5Ax +2 —0.5x-2 NT A gradient calculated From the formula is called a 
Ox 


pied 


o.s e.g. the derivative of y =-3x+1 is -3 
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caient of a Parabola 7 ere of a Parabola......... 


....... From the Graph sic From the Formula — the Derivative 


eM al 


What is the gradient 
at x=2? 


draw tangent 
here at x=2 
gradient of chord through x=2 and »x=2+Ax is 


Ay _ y@+4x)- y@) 
PoE A AA RDA RE REN 


., line 1 


y (2+ Ox) = 24+Ax)* =44+4Ax +(Ax)* Jo. tine 2 


gradient of x=2 = gradient of tangent at x=2 yQ) .... line 3 


Ay = 4+40x+ (Ax) -4 line + 
= Ay Ase Ax 
Ax L 4x + (Ax) M neS 
Ax 


23 = 4+Ax .... lineé 


From the graph Ay ay 
ie ee 


and Ax tangent line af x =2's the limit of chord line for small Ax 
gradient af x =2 = limit of SY For small Ax 
i ax 
gradient = Ay 
Ax 


answers on page 27 ie. derivative at x=2 is4 


ET 


@poerivative — Definition and Notation 


derivative = gradient of tangent line 


= limit of SY For small Ax 
ax 


= lim (o whine 3 
Ax?0 \Ax 


= dy “dee u by dee x" 
A á 


eg. derivative of y = x? at x=2 is 


O orre 


Calculate the derivative of y=x* of x23 


gradient of chord is 


y(3+4x) - yo) 


answers on page 27 


QD verivative of y= x* af x 


if y= x then dy Ser 


a proof on page 27 


eg. derivative of y=x? at x=2 i 


eg. derivative of y= x ot x=3 i 


. The derivative of y= ox" at 
. The derivative of y=% af 


. The derivative of y=x* af 


answers on page 27 


11) Derivative of y= Ax? af x... 


WEE NA where A is any constant number 


d 
if y= Ax? then = = 2Ax | proof on page 27 


d 
e.g. the derivative of y=5x? af x=3is bade 2x5x3 =30 


a 


A x 


1. The derivative of y=}xt at x=-2 is 2% s[e sia | 
dx 
s MNE . dy 
2. The derivative of y=-x? at x=7 is AL 
x 


answers on page 27 
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QDrerivetive of y = Ax? +mx +C........ 


where A, m, and c are constants 


if y=Ax*+mx+e , then ay eat a 
dx 


proof on page 27 


Example Calcolate the gradient of the parabola 


y=2x?-Sx-l of x=5 


dy = 4x-3. At x= 5, 14 24x5-3= 17 
dx dx = 


13 JE to try yourself 


1. Calculate the gradient of the parabola 


E o aea at x=-5 


x 


At x=1, a 


At x=2, a = 


answers on page 27 


14 verccity ond Acceleration as Derivatives 


AS(t)ors 


SUG ONE ey AE UB Ue ele 


average velocity v= As _ st+At)- s(t) adits line 1 


t At 
u 


lin (48) = dè “cline 2 


instantaneous velocity v = nea AE 


Bt/~ dt 
“dee s by dee t” 


average acceleration 


lim (2x) dv 


Ato 


instantaneous acceleration a= NE 


= dy 


AdE: 


ST 


QB interpretation of Derivative asa Rate of Change 


= rate of change of y with x 
rate of change of displacement with time 


rate of change of velocity with time 


Other applications 


1. IF N(t) (or N) 1s the number of individuals in a population, 
then 
= rate of change of population with fime 


(units , s71) 


2. 1t T(h) (or T) is the temperature at an altitude h above 
sea-level, then 
dT ; 
ah = rate of change of temperature with altitude 


(a negative number about -2xIO™ °C m!, see 1TQ 6) 


3. IF F(x) (orF) is the Force exerted bya spring when ifs 


extension is x > then 


dF 


= rate of change of Force with extension 
dx 


the Force constant, For a spring obeying 
Hooke's law 


(units ; Nm"! ) 
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Two Useful Properties of Derivatives 


1. Derivative of a sum 


if y=p+q, where p and q ore Functions of x 
dy d 
then = 4 (always true) 


eg. ify = Ax? + mx +c , then a =2Ax+m 
y T— x 


P q 


. Effect of a constant Factor 


iF y= Aq , where q isa function of x and A isa 
constant number 
dy 


then oe 


= oa (always true) 


e.g. if y 


Examples 

1. Let E = > mv? , where m is a constant number. Then 
rag cu 
dl vi il 


2. Lef p=mv, where v is a function of time t such 


that g = a, and m is a constant number. Then 


answers on page 27 


13 Eaa of Section 2 


IF y is a Function of x , rhen rhe gradient of the 


graph of y versus x at any point x is given by 


the derivative at the point x. 


dy 


The derivative is denoted by EA 


"dee y by dee x“ 


. Important results : 


m,c,and A 
are 
constant numbers, 

and p and q 
are any 


Functions of x 


3. Velocity and acceleration 


velocity aS 


acceleration a= 


4. The derivative is tobe interpreted as a rate of change, 


os = rate of change of y with x. 
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Answers to examples in Frames 
Frame 4 Calculate the gradient of y = —3x + 1 


i Ay y(x + Ax) — y(x) 
dient = = 
gradien re 


y(x + Ax) = —3(x + Ax) + 1 = —3x — 3Ax + 1 


Wx) = —3x + 1 
4 —3x — 3Ax + 1 — (—3x + 1) 
gradient = 
Ax 
—3Ax 
= Seg 
Ax 


Frame 6 Ay = 6 — 0 = 6; Ax = 2.5 — 1 = 1.5; 
Ay/Ax = 4 
Frame 9 Calculate the derivative of y = x? at x = 3 


Wey ae 
gradient of chord = Ay hae G + Ax) = y6) 


Ax 
YG + Ax) = (3 + Ax)? = 9 + 6Ax + (Ax)? 
y3) = 37 =9 
Ay _ 9 + 6Ax + (Ax)? -9 _ 6Ax + (Ax)? 
Ax Ax Ax 
a6 4x 


d 
derivative of y = x? at x = 3 is ect 
dx 
Frame 10 


dy 
— = 2 —= 14 
dx 2 dx dx 


Frame 11 


E A (eee 


Frame 13 


d 
Be E EUN At S ASRA g 
dx dx 
d d 
De, L E NO) Ate dt (22 LSO 
dx dx 
d 
3 W ihe yeh. 300) Atx 2, 2 2 ogpa 
dx dx 
Frame 17 
dE i dp dv 
a ANY) aay py ny EA EU orb, 
: dv Aime ae de ae 


The following proofs are optional 


A 
1 Gradient of y = mx + cis—~ =m 
Ax 


Proof Gradient = Ay _ y(x + Ax) — y(x) 
Ax Ax 


y(x + Ax) = m(x + Ax) + c = mx + mAx + c 
y(x) =mx+e 


mx + mAx + c — (mx +c) 
Ax 


gradient = 


mx + mAx +c — mx —c 


Ax 
_ mAx sale 
Sy ai 
2 Tee x2 then eee 
dx 


Ay _ yx + Ax) — yx) 


P Gradient of chord = 
roof Gradient of chor ky ra 


y(x + Ax) = (x + Ax)? = x? + 2xAx + (Ax)? 


V(x) = x? 


Ay _ x? + 2xAx + (Ax)? — x? 


Ax Ax 
2 
E 2xAx + (Ax) SRA E 
Ax 
dy 
edhe} 
dx i 


d 
3 | Ify = Ax? then = 24x 
dx 


A Ax) — 
Proof Gradient of chord = Ue ARA 


x Ax 
yx + Ax) = A(x + Ax)? = A(x? + 2xAx + (Ax)?) 
W(x) = Ax? 
Ay _ A(x? + 2xAx + (Ax)?) — Ax? 
Ax 1 Ax 
2 
_ A(2xAx + (Ax)’) yr key © 
Ax 

dy 

D DA 

dx 7 


d 
4 Ify = Ax? + mx + c, then = = 2Ax + m 
x 


A at 
Proof Gradient of chord = zi et 0) Ma) 
Ax Ax 


y(x + Ax) = A(x + Ax)? + m(x + Ax) + c 


= A(x? + 2xAx + (Ax)?) + mx + mAx + c 
y(x) = Ax? + mx +c 


Proceeding as before we find 


Ay 2AxAx + A(Ax)? + mAx 


Ax Ax 
= 2Ax + AAx +m 
d 
cP MI ip 
dx 
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Self-assessment questions for Section 2 


SAQ3__A lorry driving on a motorway applies its brakes at time t = 0. Its subsequent 
displacement is found to be given by the formula 


s(t) = —0.417 + 25t 
where the units of s are metres and the units of t are seconds. 


Find (i) its displacement after 5 s; 
(ii) its velocity after 5s; 


(iii) its constant acceleration. 


SAQ4 A research worker counts the number of yeast cells on a microscope slide at 
various instants of time after preparing it. It is found that the number of cells N(t) at 
time t (in hours) is given approximately by the formula 


N(t) = 10000 + 1 000r + 5t 


Find (i) the number of yeast cells after 5 hours: 


(ii) the rate at which the population of yeast cells is growing after 5 hours. 


Motion in space 


When a stone is thrown at an angle to the vertical, or kicked off the edge of a cliff, it 
falls along a curved path in a vertical plane. An example is shown in Figure 25 which 
shows a strobe photograph of a ball bearing that has been projected upwards at a 
steep angle. The motion of an object that is launched with a certain initial velocity and 
then travels through space acted on only by external forces, such as gravity and air 
resistance, is called projectile motion. You can probably think of many other examples 
of bodies moving along curved paths—the Moon, an artificial satellite, or a car ona 
race track. In fact, most interesting problems involve curved paths in twe or three 
dimensions. You might think that the description of curved motion is going to be 
very much more complex than that of straight-line motion because there are more 
variables involved and because it is not always easy to visualize what is going on in 
three-dimensional space. Fortunately, this is not so. There are techniques for dis- 
cussing motion along a curved path in terms of straight-line motions along different 
directions, so that the concepts and methods you have already learned can be applied. 


The theory behind this is based on the concept of a vector. Basically a vector is any 
physical quantity characterized by having a magnitude and a direction in space. You 
will see in this Section that the displacement, the velocity, and the acceleration of a 
projectile are examples of vector quantities. Other examples are force and momentum, 
which you will come across in Unit 3. In fact, most of physics has to do with vector 
quantities, and so it is necessary to have a good understanding of their properties and 
to know how to add them, multiply them, etc. 
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projectile motion 


Figure 25 Strobe photograph of a 

ball bearing projected at an angle of 
approximately 60° above the horizontal. 
The ball moves in a vertical plane. 


vector 


3.1 


In this Section we introduce vectors in the context of projectile motion, where we 
attempt to answer such questions as: 


What is the horizontal range and maximum height attained by a projectile? 
How fast is it moving at its highest point? 
How long does the journey take? 


We shall adopt an experimental approach, taking as our starting point a strobe 
photograph of a projected ball bearing, like the one shown in Figure 25. To help us 
take measurements we have superimposed part of the strobe photograph on graph 
paper (see Figure 26). You will be surprised at the wealth of conclusions that can be 
drawn from a detailed analysis of a picture such as this. 


+—| m— 


Describing the position of a projectile 


You should begin by attempting the following exercise which is designed to introduce 
you to the concept of displacement as a vector: 


ITQ 19 By using a ruler and a protractor, measure on F igure 26 a distance 
and an angle that together specify the position of the ball bearing when it is at 
the point labelled A. Make a note of your measurements here: 


distance = angle = 


The numbers you get will depend on your choice of reference. A useful choice is to 
measure distances from the point of projection O, and to measure angles from the 
horizontal line OE in an anticlockwise sense as indicated in F igure 27. With this 
choice you should find a distance of 8.2 m and an angle of about 31 degrees. These 
two pieces of information together specify the displacement of the ball bearing. You 
should see this as a generalization or extension of the concept of displacement used in 


| m— 


me 
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Figure 26 Strobe photograph of a 
projected ball bearing superimposed on 
graph paper. The strobe interval is 0.1 s, 
| large-scale division of the graph paper 
represents a distance of 1 m. 


displacement 


Figure 27 The arrow drawn from O to 
A represents the displacement s of A 
from O. (Scale: 1 cm on diagram = 1 m.) 
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Section 1. For motion along a straight line there are only two directions to consider 
and these are distinguished by using a plus or minus sign, as in Section 1. For motion 
in a plane there is an unlimited number of directions and we can distinguish them by 
specifying the angle relative to a reference direction, usually the horizontal. 


The displacement can be represented in a diagram by drawing an arrow with its tail 
at O and its head at A, as in Figure 27. You should notice that the displacement 
depends only on the reference point O and the end point of the arrow A. It does not 
depend on the actual curved path that the ball bearing has taken from O to A. 


For our convenience we shall need to have a notation for displacement. The distance 
represented by the length of the arrow in Figure 27 will be denoted by the symbol s. 
This is the same symbol we used for displacement along a straight line in Section 1. 
The difference is that here s is always a positive number because direction is taken 
account of entirely by the angle, denoted by 6 in Figure 27. It is common to refer to the 
distance s as the magnitude of the displacement, and to the angle 0 as its direction, and 
we shall do this from here on. You will appreciate that the concept of displacement 
includes both the magnitude s and the direction 0. For this reason we introduce a 
single symbol to represent the whole thing. We use the symbol s printed in bold type. 
Thus 
s is a displacement of magnitude s and direction 9, 


and so 


s is the magnitude of s 


@ is the direction of s 


When writing with pen, or typing, it is not easy to make bold symbols, and so instead 
we denote a displacement by the symbol g, that is, with a curly line underneath. Thus 
s means the same as s 
and so 
s is the magnitude of s 
8 is the direction of s 
When the displacement depends on time, as it does in the case of a projectile, we use 
s(t) to denote the displacement at an instant t. Thus s(1) means the displacement at 1s 
after the instant of projection. The displacement shown in Figure 27 is s(1.4), where 


t = Owhen the ball is at O, and the strobe interval is 0.1 s. In the interests of economy, 
we often use s for s(t) where there is no danger of confusion. 


ITQ 20 By making distance and angle measurements on Figure 27, specify 
the following quantities: 


(i) s(1), (ii) 6(1), (iii) (1.5), where t = 0 when the ball is at O. 


The reference point of a displacement is arbitrary, and its choice can influence both 
the magnitude and direction. 


ITQ21 (i) Draw arrows on Figure 27 that represent the displacement of E 
from O, and the displacement of E from A. 


(ii) Draw the displacement of O from A. 
If the symbol s represents the displacement of A from O, as in Figure 27, then — s can 
be used to represent the displacement of O from A which you drew in part (ii) of ITQ 


21. Thus the minus sign is used to indicate the reverse direction. 


What do you think is meant by 2s? 


It is common sense really. We define 2s to be a displacement in the same 
direction as s, but of twice the magnitude. 


ITQ 22 Figure 28 shows an arrow representing a displacement d. Sketch 
roughly arrows representing the following displacements: 


G) —d; (ii) 3d; Gii) 3d; (iv) —2d. 
Don’t be put off by the unfamiliar symbol d in ITQ 22. We can use any symbol to 


represent a displacement, provided it is printed in bold, or written with a curly line 
underneath as in d. 
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magnitude 
direction 


=“ 
Figure 28 The arrow represents a 
displacement d. See ITQ 22. 


3.2 


The terminology and notation you have just learned for displacements can be carried 
over to any other kind of vector. Thus a velocity can be denoted by a bold symbol v 
or by y, and can be represented by an arrow ina diagram, as in Figure 29, which is self- 
explanatory. The ordinary symbol v denotes the speed; this is the magnitude of the 
velocity, and it contains no information about the direction of motion. 


Similarly, if F denotes a force, then F denotes the magnitude of the force. The vector 
— F denotes a force pushing in the opposite direction to F,and 2F represents a force of 
magnitude 2F in the same direction as F. 


The bold printed symbols (and the written symbols with curly lines underneath) that 
are used to denote vectors are called vector notation, and it is important to use this 
notation whenever vector quantities are referred to. In particular, when writing 
symbols for physical quantities, you should always be careful to put a curly line under 
each quantity that is a vector. 


We shall retain the ordinary symbols such as m, t, etc., to represent physical quantities 
such as mass and time which have magnitude only. Such quantities are called scalars. 
The magnitude s and the direction 0 of the displacement vector s are two more 
examples of scalar quantities. All physical quantities you will come across in this 
Course can be classified as being either vectors or scalars. 


Components of a vector 


Look at Figure 30. You will see that we have drawn horizontal and vertical axes 
labelled respectively x and y, with origin O. Try the following exercise: 


Specify the position of A by giving two lengths measured along the axes. 


JA 


l ia e 
O E 


The two lengths, which are equal to the coordinates of the point A, are called the 
components of the displacement s, and are denoted by s, and s, as in Figure 31. Thus 


Sx = X-component of s 


Sy = y-component of s 


The displacement is completely defined by giving its components, and this allows you 
an alternative way of specifying any displacement. You can give either the magnitude 
sand the direction 6, or you can give the x- and y-components, s, and s,. Either way, 
the displacement is completely specified. 
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Figure 29 The arrows represent 
constant velocities according to the scale 
given. 


vector notation 


scalar 


Figure 30 The displacement of A from 
O can be specified by giving two lengths 
measured along the axes. These lengths 

are the components of the displacement. 
(Scale: 1 cm on diagram = 1 m.) 


components 
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ITQ23 Sketch very roughly (not on graph paper) x- and y-axes, and show by 
drawing arrows trom the origin O the following displacements: 


(i) s= 1m, s, = 2m, Gi) s, = —1m, s,= 3m. 


Given the components s, and s, you can use Pythagoras’ theorem to calculate the 
magnitude s, and you can use the definition of tan @ (as opposite over adjacent) to 
calculate 0. Try it: 


ITQ 24 (i) Calculate the magnitude and the direction of the displacement 
specified in ITQ 23, part (i). 


(ii) Show by calculation that the components you measured on Figure 30 are 
consistent with the magnitude and direction you measured in Figure 27. 


The method of calculation you used in ITQs 23 and 24 can be expressed by the 
formulae 


s 
s= Fs tan 0 = (9) 
s 


x 


Similarly it is an easy matter to calculate the components when the magnitude and 
direction are given. The formulae for doing this follow from the definitions of the 
sine and cosine of the angle 0 (see Figure 31). 


S, = S cos 0 


(10) 


s, = ssin 0 


ITQ 25 Calculate the components of a displacement of magnitude 10 m 
directed at 60° from the x-axis (i.e. measured anticlockwise from the x-axis). 


We do not always use the origin point O as the reference point of a displacement. 
Figure 32 shows the displacement s of the point Q referred to an arbitrary reference 
point labelled P. The components of s are shown in Figure 32. They are found by 
subtracting the coordinates of the reference point P from those of the point Q. 


s, = x-coordinate of Q — x-coordinate of reference point P 


s, = y-coordinate of Q — y-coordinate of reference point P. 
Referring to Figure 32 you can see that these formulae give components 


Ss = 65m — 2.8m = 3.7m 
S, = 4.6m — 2.9m = 1.7m 


In this example the components are both positive, but when the arrow is inclined 
towards the negative direction of an axis, the corresponding component is negative. 
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Figure 31 s, and s, are respectively the 
x- and y-components of the displacement 
s of A from O. They are s, = 7.0 m and 
Sy = 4.2 m. (Scale: 1 cm on diagram 

= 1m.) 
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In Figure 33 for example, d is the displacement of a point Q from P. This displacement 
has components 


d.=6m—3m=3m 


Il 


d,=2m-3m= -1m 


The y-component is negative because the y-coordinate of Q is smaller than the y-co- 
ordinate of the reference point. 


You may wonder why we bother to introduce components when the magnitude and 
direction provide a complete specification of a displacement. The reason is that the 
use of components is the key idea leading to the simplification of motion along a 
curved path. By giving the components of a displacement you are giving distances 
along two straight lines, the x- and y-axes. 


Other vectors, velocity and acceleration for example, can also be expressed in terms of 
x- and y-components, and the whole motion of, say, a projectile can then be discussed 
in terms of two straight-line motions. In Section 3.5 you will see how this is done. 


The components of a velocity or an acceleration, or of any other kind of vector 
quantity, can be found by using techniques entirely analogous to those described 
above for a displacement. 


ITQ 26 (i) A ship cruises at a speed of 5 m s7 ' along a course 30° East of 
North. Sketch x- and y-axes to represent the directions of East and North 
respectively, and draw the velocity vector of the ship as an arrow using a scale 
of 1 cm for a speed of 1 m s~ +. Hence measure the x- and y-components of the 
velocity. Confirm your answers by calculations using equations analogous to 
equation 10. 


(ii) What are the horizontal and vertical components of the acceleration due 
to gravity? 
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Figure 32 The components of a 


2 


displacement s drawn from an arbitrary 


point of reference P. 


5, =x-coordinate of Q—x-coordinate of P 


Sy =y-coordinate of Q—y-coordinate of P 


(Scale: 1 cm on diagram = 1 m.) 


Figure 33 The displacement of Q from 


P is d. We represent the components d, 


and d, by thin arrows to distinguish them 
from vectors. The direction of the arrow 


indicates whether the component is 
positive or negative. 
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Now work through ITQ 27. It is rather long but it introduces some new ideas that are 
developed in the following Sections. 


ITQ 27 Figure 34 shows three displacements drawn as arrows on the strobe 
photograph of the ball bearing. Displacements a and c of the points A and C 
are drawn from the reference point O, while displacement b is drawn from A. 
The displacement b is the displacement of C from A. 


Figure 34 Displacement c is the net 
result of displacement a followed by 
displacement b. This is expressed by 
writing 

c=a+b 
where the + sign indicates vector 
addition. ¢ is called the resultant of a and b. 


(i) Measure the components of the three displacements. Put your answers in 
the spaces below: 


â; = ay = 
ba b— 
C= Cy = 


(ii) Look carefully at your answers and state how the components of ¢ are 
related to those of a and b. 


(ui) Use your measured values of b, and b, to calculate the magnitude b of b. 


(iv) Divide each of your values b,, b, and b by 0.4 seconds, this being the time 
taken for the ball bearing to travel from A to C. Can you interpret your answers? 


3.3 Adding displacements Figure 35 (a) The two displacements 
specified in ITQ 23. 
Look at Figure 34. The ball travels from O to A, and then on from A to C. In terms of (b) The vector (or triangle) addition of 
the displacements, you can think of displacement c as being the net result of displace- the two displacements in (a). 


@ ym 


resultant 


34 


ment a followed by displacement b. We could write this down symbolically as 
c=a+b (vector addition or triangle addition) 


This is what is meant by adding displacements. Displacement ¢ is called the resultant 
of a and b. Because of the triangular arrangement of the displacements in Figure 34 
this kind of addition is called triangle addition. It is also called vector addition because, 
surprisingly perhaps, all vector quantities are found to combine in this way, and you 
will see lots of examples as the Course progresses. 


It is important to note that the distance c is not equal to the sum of distances a and b, 
that is 


c#a+t+b 


To see the connection between vector addition and ordinary number addition you 
have to think in terms of the components. Look back at your answers to ITQ 27 (ii). 
The x-component of the resultant c is obtained by simply adding the x-components 
of a and b with account taken of their signs; and similarly for the y-components. That 
is 


component addition 


In other words 


to add vectors you add the corresponding components. 


ITQ 28 By adding corresponding components, add the two displacements 
specified in ITQ 23 on p. 32. Calculate the magnitude of the resultant. 


The addition you have just done can be shown geometrically by drawing the two 
displacements to be added in a head-to-tail arrangement, as shown in Figure 35b. 
The resultant is then drawn in as the arrow from the free tail to the free head, thus 
completing the triangle. In this example it means moving one of the arrows, without 
changing its magnitude and direction, so that its tail touches the head of the other. You 
should check by measurement that the resultant drawn in Figure 35b has the 
magnitude you calculated in ITQ 28. In physical terms this resultant is the net dis- 
placement when the two individual displacements are made sequentially, i.e. first 
one then the other. Note that the arrow representing a vector quantity in a diagram 
can usually be moved to a more convenient place on the diagram provided its mag- 
nitude and direction are unaltered. 


Any two vectors of the same kind, two velocities or two forces for example, can be 
added by vector addition to give a resultant. Consider an aircraft that can fly through 
the air at a speed of 150 m s™ '. If it flies into a head wind of say 20 m s~! then it will 
move with an effective or ground speed of 150 — 20 = 130 ms! relative to the 
ground. Similarly if it flies with a tail wind of 20 m s~ + its speed relative to the ground 
will be 150 + 20 = 170 m s~ +. This much is obvious. But when the wind is in some 
arbitrary direction, then it is necessary to draw a vector addition triangle to find the 
resultant velocity. It is the resultant velocity that gives the ground speed and direction 
of the aircraft. Navigators are therefore well-versed in the principles of vector 
addition. Figure 36 illustrates a typical problem. An aircraft is to fly from Cardiff 
to Edinburgh. The navigator knows that Edinburgh is due North of Cardiff, and on 
that day there is a wind of speed 20 ms‘ from the South-West (i.e. towards the 
North-East). He therefore instructs the pilot to set a bearing at an angle « West of 
North so that the resultant velocity points due North for Edinburgh. Figure 36 shows 
the velocity addition triangle drawn to a scale of 1 cm for 10 ms7!. The angle «, 
measured with a protractor, is 6°. 


ITQ 29 Confirm the measured value of the angle « in Figure 36 by a trigono- 
metric calculation. Take cos 45° to be 0.707 and work to two significant figures. 


(Hint: Begin by calculating the length of the dashed line AB.) 


The concept of components is closely connected to the concept of vector addition as 
you can see from Figure 37. Figure 37a shows a displacement s and its components s, 
and s,. Figure 37b shows the displacement s as the resultant by vector addition of a 
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resultant 


triangle addition 
vector addition 


wind velocity vector 
(magnitude: 20 ms ') 


resultant 
velocity 
vector 


aircraft velocity vector 
(magnitude: 150 ms ') 


(0) 


Figure 36 The velocity addition triangle 
for the aircraft velocity and the wind 
velocity to give a resultant velocity due 
North. 
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3.4 


vector directed along the x-axis, and a vector pointing in the y-direction. You can see 
that these two vectors in Figure 37b have magnitudes equal to the magnitudes of the 
corresponding components of s shown in Figure 37a. We can represent these vectors 
by the symbols s, and $, and it is clear from the triangle rule for vector addition that 


S=5, +5, 


In words this can be expressed as ‘the vector s is the sum of a vector s, in the x-direc- 
tion and a vector s, in the y-direction’. Expressing this the other way round, we can 
say ‘the vector s can be broken down into two vectors—the vector s, in the x-direction 
and the vector s, in the y-direction’. 


It is important to realize that there is no difference in the information contained in the 
components s,, $, and in the vector displacements in the x- and y-directions, s,, Sy. 
They are alternative ways of conveying the same information. We can either say that 
vector s has components s, and Sy, OF we can say that vector s is the sum of vectors 
s, and s,. In this Course we will generally use the former notation. 


Velocity and acceleration of a projectile 


For motion along a straight line we defined velocity to be the rate of change of dis- 
placement, and this was expressed as a derivative. For motion along a curved path we 
can use the same ideas but we have to be careful about the directions. 


To see what is involved look at Figure 34 and your answer to ITQ 27. The three 
quantities you calculated in part (iv) have the units of a velocity. We can interpret 
them as the x- and y-components, and the magnitude, of the average velocity of the 
ball bearing between A and C. The diagram is redrawn in Figure 38, where the dis- 
placements of A and C are written as s(t) and s(t + At) instead of a and c to emphasize 


ye 


—}] m— 


S(t+ Ar) 


o> 
(0) E x 


that they represent displacements at two successive instants of time separated by an 
interval At (of 0.4s). The displacement b of C from A is shown as As, where the A 
symbol is used to mean ‘change of” just as it was in Sections 1 and 2. Thus: 


As = change of displacement in interval At 


You can see that this interpretation of As as the change of displacement is consistent 
with the idea of vector addition: 


s(t) + As = s(t + At) 


which is the same thing as 
a+b=ec 


only the symbols are different. Now if you subtract s(t) from both sides you get 
As = s(t + At) — s(t) 
= change of displacement in interval At 
In terms of these symbols, the average velocity in the time interval At is defined as 


_ Change of displacement As 
J= 


time interval At 
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Figure 37 (a) A displacement vector s 
and its components s, and See 

(b) The displacement vector s can be 
thought of as the resultant of two vectors 
directed parallel to the x- and the y-axes. 


Figure 38 The displacements of Figure 
34 using different symbols. 
s(t) =a; As=b; s(t+Ath=ec 


The bar over the® is there simply to remind you that it is an average, and not the in- 
stantaneous velocity. You read it as ‘vee bar’. Note that this definition makes the 
average velocity a vector in the same direction as As, because it is equal to the dis- 
placement As multiplied by the number 1/At. As is directed approximately along the 
path of the ball bearing in the direction of motion, and this is what you would expect 
the direction of an average velocity to be. 


In ITQ 27 (i) you measured the components of As (=b) to be 
x-component of As = 2.0m 
y-component of As = —2.4m 


When in part (iv) you divided by the time interval At = 0.4 s, the numbers you obtained 
were the x- and y-components of 3: 


St 
v = — = OMS 

== 04 

= —2.4 zs 
v, = aire = —6ms 4 


Now attempt ITQ 30 which asks you to do the same thing over a different time interval. 
This will help you to consolidate your understanding of average velocity; also you will 
discover one of the most important features of projectile motion. 


ITQ 30 Figure 39 shows the change of displacement As over the time interval 
from 0.6 to 1.8 s, an interval At of 1.2 s. 


(i) Measure the x-component of As, and divide by the time interval, 1.2 s, 
to obtain the x-component 6, of the average velocity over the interval. 


(ii) Repeat to find 0,. 


(iii) Compare your value of 6, with the value of 0, you found in ITQ 27 (iv) 
over the interval from A to C. What can you conclude? 


(0) E x 


The remarkable thing is that you get the same value of 6,,5 m s~ t, regardless of the 
interval you choose. If you are sceptical after calculating only two values, then try 
some more and you will be convinced. Your values of 0, however are different. 


What is the significance of the constant value of 0,? It means that the horizontal 
component of the velocity is constant, because if it were changing you would find 
different averages over different intervals. This conclusion is found to be valid for all 
projectiles, provided the effects of air resistance can be neglected. Thus: 


projectile motion occurs with a constant 


horizontal component of velocity. 


The constant value of ọ, is of course different for different projectiles; it depends on 
the initial speed and angle of the projection. 


The vertical or y-component is not constant, however. This means that we need to 
define an instantaneous velocity, a velocity at an instant. This is perfectly straight- 
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Figure 39 As is the change of 
displacement over the time interval from 
0.6 to 1.8 s. See ITQ 30. (Scale: 1 cm on 
diagram = | m.) 
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forward. By analogy with the definition on Frame 14, p. 24, for motion along a 
straight line, we define the instantaneous velocity as a derivative: 


. z ; As ds 
instantaneous velocity v = lim |— | = — 
R56. VAt dt 


We won’t explore the details of taking the limit. You had plenty of similar practice in 
previous Sections, but we will point out that the limit of small At gives a direction 
exactly along the tangent to the path. This accords with our intuitive notion that the 
instantaneous velocity is along the instantaneous direction of motion. 


The instantaneous velocity, or simply velocity for short, is a vector, and can be 
indicated in a diagram by drawing an arrow. By choosing a suitable scale, the length 
of the arrow can represent the magnitude of the velocity (i.e. the speed), and its 
direction is along the tangent to the path at that instant. An example is shown in 
Figure 40. The instant chosen is t = 0.2 s; that is, at the second still picture from O. 
The arrow is drawn along the tangent at that point and is labelled v(0.2). (Remember, 
v(0.2) means the value of the velocity v at time t = 0.2 s; it does not mean v x 0.2s.) 
The length of the arrow depends on the scale you choose. Although you do not know 
the magnitude, v(0.2), of the velocity you do know that its x-component, v,(0.2), has 
the constant value 5 m s~ 1, because you measured it in ITQ 30. In Figure 40 you will 
see that v,(0.2) covers exactly two large-scale divisions. This gives the scale: 


one large division = å m s~! 


We could have drawn the arrow half as long, in which case one large division would 
represent 5 m s~ +. We are free to choose a scale according to our convenience. 


ya 


(0.2) = 


Figure 40 The velocity at 0.2 s, v (0.2), 
is represented by an arrow drawn along the 
tangent to the path at 0.2 s. Shown also 
are the components v,(0.2) and v,(0.2). 
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You can now make use of the above scale to measure the y-component, v,(0.2): 


ITQ 31 Measure the number of scale divisions of v,(0.2) in Figure 40, and by 
using the above scale determine v,(0.2) in m s~ '. 


Figure 41 shows the velocities at five different instants of time, 0.2 s apart, using the 
above scale. 


ITQ 32 Measure the y-component of each velocity in Figure 41, and enter 
your results in the second column of Table 4 opposite. Leave the third column 
empty. Give your answers to one place of decimals. 


Table 4 


Time ts vOs  o(t)/ms | 


Your measured values of v, reveal another remarkable feature of the motion. Look 


0.2 8.0 
at the difference between adjacent values of v,: 0.4 
80-—59=21ms! 0.6 
59 —40=19ms"? oS 
etc. au 


These differences are the changes in v,(t) over constant intervals of 0.2 s. They are all 
roughly the same, about 2.0ms_‘. More careful measurements confirm that the 
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value of v, is changing at a constant rate. You can see from the numbers that the 
constant rate of change of v, is about — 2.0 m s~ +/0.2 s = —10 m s_* where the 
minus sign indicates that v, is decreasing. This quantity has the units of an accelera- 
tion. 


Do you recognize the magnitude of this acceleration? 
It is the magnitude of the acceleration due to gravity! Actually 9.8 m s~? is the 
standard value to two significant figures, but our measurements are subject to 


various experimental errors. 


You have now discovered the two important properties of projectile motion: 


Projectile motion is characterized by 


(i) aconstant horizontal velocity component; 


(ii) a constant vertical acceleration component of g = 9.8 m s- 7 downwards. 


Solving projectile problems 


Using the above ideas you can solve any projectile problem. Here is a worked example: 


Problem 


A cannon pointing at 60° above the horizontal fires a ball with a muzzle speed of 
20ms~! (see Figure 42). Find the horizontal range R, the maximum height attained 
h, and the time of flight T. Work to three significant figures only. 


v(0) = 20 ms™'! 
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Figure 41 Some velocity arrows at 0.2 s 


intervals. 


Figure 42 The arrow represents the 


initial velocity of the ball. Its magnitude 


(speed) and direction are indicated. 
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Solution 

Figure 42 shows the given initial velocity. This has a magnitude of 20ms~! and is at 
60° to the horizontal. Our first step is to decompose this initial velocity into its 
horizontal and vertical components. The components of velocity can be found in the 
same way that the components of a displacement are found using equation 10, page 
32 Ue 


v, = V COS 0. 


v, = vsin 0 


with v = 20ms_! and 0 = 60°. Thus horizontal component of velocity at t = 0 is 
v,(0) = 20 cos 60° m s~ + 
=20x05ms! 
= 10ms t 
The vertical component of velocity at t = 0 is 
v,(0) = 20 sin 60° ms“? 
20 x 0.866 m s~! 
Sms 


We can now make use of the two properties of projectile motion. 


Horizontal motion: 


The ball will continue with the same constant horizontal component of velocity, 
v,(t) = v,(0) = 10ms_'. During the flight the horizontal component of the displace- 
ment is given by 


s,(t) = v,(t) x t= 10t (11) 


The horizontal range R is found from this by putting t = T, where T denotes the time 
of flight, 


R=s(T)=10T 
But we do not yet know T. 


Vertical motion: 


This is motion under gravity with an initial speed of v,(0) = 17.3ms~'. We can 
therefore use the constant acceleration equation 7, page 18 (s = ut + 4at?) for the 


vertical components, with s = s,(t), u = v,(0) = 17.3 m s~ !, anda = —9.8 m s~™?. 
s(t) = 17.3 t + (—9.8)t? (12) 
Notice that we put a = —9.8ms ? and u = +17.3ms_! because we are using 


upwards as our positive direction and the acceleration due to gravity is directed 
downwards. 


If T is the time of flight, then s,(T) is the y-component of the displacement at time 
t = T,1.e. for the whole flight of duration T. Because the ball starts from ground level 
and ends up at ground level, the displacement over the whole journey is a horizontal 
vector, and so we put the vertical component of the displacement at time t = T equal 
to zero, i.e. s,(T) = 0. Thus equation 12 at time t = T becomes 


0 = 17.3 T + #(—9.8)T? 
Dividing through by T gives 
0 = 17.3 + #(—9.8)T 


=z * 17.3 


E 
9.8 


=S 


Now we find R from the horizontal motion analysis, 
R= OTM 


To find the maximum height h we can use the other constant acceleration equation for 
vertical components, equation 8 on page 18 (v? = u? + 2as). Thus 


v3(t) = v3(0) + 2 x (—9.8) x s(t) 
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When the ball is at its maximum height h, we put s, = h, and v, = 0 because the ball 
has no vertical component of velocity at that instant, 
0 = (17.3)? + 2(—9.8) h 


2 
roe (17.3) 


= (5, 
<a 


Before going on, make sure you can see the strategy used in the above problem. The 
given initial velocity was decomposed into its horizontal and vertical components, 
v,(0) = v cos 0 
v,(0) = v sin 0 
where v and @ are the initial speed and direction. Each component was then treated as 
motion along a straight line, one along a horizontal line at a constant velocity, v,, 
and the other along a vertical line at a constant acceleration —g, using the constant 


acceleration equations of Section 1. The two component motions are linked together 
by the time of flight T being the same for each. 


Now apply this strategy yourself to SAQ 5: 
SAQ5 A cannon stands on the top of a cliff 40 m high and fires a ball hori- 


zontally straight out to sea with a muzzle speed of 140ms~' (see Figure 43). 
Calculate how far out to sea the ball goes. 


v=140ms' 
<x 
oo ay 


40m 


Figure 43 The horizontal arrow 
R > represents the initial velocity of the ball. 
See SAQ 5. 


A 


The same strategy can be used to calculate the shape of a projectile’s path. Consider 
the case of the worked example above. The equation for the vertical component of 
displacement at any instant t, equation 12, was: 


sy = 17.3 t + 3(—9.8)t? 


where we have put s, for s,(t) for simplicity. The equation for the horizontal com- 
ponent was s, = 10t 


z Ses, ; : 
Putting t = a into the first equation gives 


17.3 í se 
= a9 S, — 32 X 28 IO 


sS 


s, = 1.73 sx — 0.049 s? 


This is a quadratic formula for s, in terms of są. That is, it has the form (see Frame 
2 on p. 20). 
y = Ax? + Bx+C 


with y = s,,x = Sx, A = —0.049, B = 1.73 and C = 0. 


The shape of the path is therefore a parabola. Try calculating a few values of s, for 
arbitrary values of są, and you will recognize the shape. Some values have been 
calculated for you, and plotted on the graph in Figure 44. You will notice that this 
parabola is upside down compared with the one drawn in Frame 2 on p. 20.* 


* A parabola is always upside down when the number A in the quadratic formula is negative, 
as it is here. 
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Figure 44 The motion of the projectile 
described in the worked example at the 
beginning of Section 3.5. 


Finally we consider a problem of interest to cricketers: 


At what angle 0 should a fielder throw a ball to achieve maximum horizontal 
range? 


Figure 45 shows what is involved. If the ball is thrown too steeply it achieves plenty of 
height but very little range. If it is thrown at too shallow an angle, gravity will pull the 
ball down before it has a chance to travel far. There must be some optimum value of 0. 


too steep 


v too shallow 
Figure 45 Parabolic paths of a thrown 
g ball. 


To simplify the problem it will be useful to make some assumptions. Assume that the 
speed of projection v does not vary with angle 0. Actually the human body is probably 
more efficient at throwing for a certain range of 0, but we'll ignore this complication. 
Also assume that the ball is projected from ground level rather than about shoulder 
level. Finally, assume that air resistance can be neglected. With these assumptions 
we have the projectile problem illustrated in Figure 46. Our problem is to find a 
formula for the horizontal range R and to investigate how the value of this changes 
when @ is changed. You can get started by decomposing the initial velocity and 
deriving a formula for R: 


6 Figure 46 The arrow represents the 
initial velocity of a thrown ball, of speed 
< R > v and direction 0. 
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ITQ33 (i) Write down, in terms of v and 6, the constant horizontal velocity 
component v,(t). 

(ii) Use your expression for v,(t) to obtain an expression for the range R, in 
terms of v, 0, and T the time of flight. 

(iii) Write down, in terms of v and 9, the initial value of v,(t), i.e. the value 
v,(0) at the instant of projection t = 0. 

(iv) Use your expression for v,(0) in the constant acceleration equation 7 on 
p- 18 (s = ut + 4at?) for vertical components. 

(v) Use your answers to parts (ii) and (iv) to eliminate T and so obtain the 
formula 


= 2v? sin 0 cos 0 
g 


(13) 


Your formula tells you how the range R changes when the angle 0 is changed, v and g 
being constant. You can see immediately how it expresses the two cases shown in 
Figure 45, because if 0 is too near 90° (i.e. too steep), the value of cos @ is near zero 
(because cos 90° = 0) and’so the range R is very small. If 0 is too small, the value of 
sin 0 will be near zero (because sin 0° = 0) and again the range R will be very small. To 
find the optimum value of 0 we can make use of a formula from trigonometry: 


sin 20 = 2 sin 0 cos 0, for any angle 0 


If you don’t believe the formula, try calculating both sides for a few values of 0 and you 
will see it is true. We can now write equation 13 as 


2 


R = —sin 20 
g 


What is the largest value that the sine of an angle can have? You know that sin 90° = 1 
and the sines of other angles are less than 1, so we must have 


sin 20 = 1 for maximum R 
20 = 90° 
= 45° 
45° is the required optimum angle for maximum range. 


The usefulness of this result is, of course, restricted by the assumptions we made at the 
beginning. In particular, air resistance has a considerable effect on large light objects 
and so our analysis would not apply. To see the effect of air resistance, screw up a 
tissue or a page of newspaper and throw it hard. You will see that air resistance almost 
completely stops the horizontal component of velocity, and the ball hits the ground 
moving almost vertically downwards. The assumption is fairly good though for 
‘putting the shot’ or throwing a cricket ball. 


SAQ 6 In the 1976 Olympic Games the shot-putting event was won with a 
throw of 21.32m. By assuming that the shot was thrown from ground level 
at the optimum angle (45°), calculate the speed at which it was projected. Take 
g=98ms?. 
We have tackled projectile problems by decomposing the initial velocity into horizon- 
tal and vertical components, and then calculating the subsequent motion as two 
straight-line motions. It is sometimes necessary to put the velocity components back 
together again at some subsequent instant. Consider the case of the worked example 
on p. 39. Suppose you were asked to calculate the magnitude and direction of the ball’s 
velocity one second after projection. You know that the constant horizontal com- 
ponent is 10 m s~ +. The y-component after 1s is found by applying the constant 
acceleration equation, v = u + at, to the vertical motion. For t = 1 s, this is 


v,(1) = 173-98 x 1=75ms_1. 


To find the magnitude and direction of the velocity after 1 s you can use the same 
methods you used for displacements based on Pythagoras’ theorem and the definition 
of tan 0 (see equation 9 on p. 32). The method is illustrated in Figure 47. 


ITQ 34 (i) Calculate v(1), the magnitude of the velocity after 1s, in the 
above example where v,(1) = 10ms~! and v,(1) = 7.5ms~ 1 
(ii) Complete the third column of Table 4 on p. 38. 
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Figure 47 A velocity v and its 
components v, and v,. 
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Constant acceleration equations as vector equations 


Our strategy for solving projectile problems has been to apply the equations govern- 
ing straight-line motion to the horizontal and vertical components of the projectile 
motion. Thus we used the constant acceleration equation s = ut + Sat? applied to 
the vertical components, 


Sy = u,t + 3a,t? (14) 


Here u, is the initial vertical velocity component, given by v sin 0 where v and @ are the 
magnitude and direction of the initial velocity of projection, and a, is the vertical 
component of the acceleration, equal to —g. For the horizontal components we used 
an equation of the form 


S — vet 


where u, is the constant horizontal component of velocity, equal to v cos 6. Actually 
this equation is equivalent to the constant acceleration equation 7 with zero accelera- 
tion, i.e. it is equivalent to 


S, = u,t + 4a,t? (15) 
where a,, the horizontal component of acceleration, is equal to zero for projectile 
motion. 


The two component equations, 14 and 15, are together equivalent to a single vector 


equation, 


where vector u is the initial velocity of projection and vector a is the acceleration due 
to gravity of magnitude g acting vertically downwards. You can see that equations 14 
and 15 can be recovered from equation 16 by taking the y- and x-components 
respectively of each term. 


Because each term in equation 16 is a vector quantity, the addition symbol in the 
equation is to be interpreted as a vector (or triangle) addition. Thus equation 16 says 
that sis the resultant of two vectors, ut and 4at?. This is illustrated in Figure 48a. Notice 
that the vector ut has the same direction as the initial velocity u because t is just a 
scalar, and the vector 4ar? acts vertically downwards because a is the acceleration due 
to gravity, of magnitude g acting vertically downwards. 


In a similar way the constant acceleration equation 6 (v = u + at), can be written as 


a vector equation 


where again the addition symbol is to be interpreted as a vector addition (see Figure 
48b). This equation is also equivalent to two component equations, 


v, = uy + at 
vy = Uy + ayt 


For projectile motion we would have a, = 0, a, = —g, Ux = v cos 0, u, = v sin 6. 


The following three SAQs are designed to give you further practice in solving pro- 
jectile problems. Remember the strategy: first find the horizontal and vertical com- 
ponents of the initial velocity of projection; then treat these components separately. 
The horizontal motion is motion at constant speed, while the vertical motion occurs 
with a constant acceleration of magnitude g = 9.8 m s~ *. For each problem you will 
have to choose a positive direction for the vertical motion. If you choose upwards to 
be the positive y-direction, then you must put the acceleration a,as —g = —9.8 m s~ 2 
in the uniform acceleration equations 6-8, and all other downwards-directed com- 
ponents will be negative numbers. If, on the other hand, you choose downwards to be 
the positive y-direction, then the acceleration will be positive, a, = g = 9.8m Gass 
and all other downwards-directed components will be positive, and all upwards- 
directed components will be negative. It does not matter which choice you make so 
long as you are consistent within the particular problem you are working. 
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(b) 


Figure 48 (a) The arrows represent the 
three terms of the equation 
s = ut + 4at? 

for a body at point P. 
(b) The arrows represent the three terms 
of the equation 

v=u+at 
for a body at point P. 
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SAQ7_ An aircraft is flying at a constant speed of 120ms_' along a straight 
horizontal path at an altitude of 1000 m. The bomb-aimer releases a bomb at 
the instant when the aircraft is vertically above a ground target. Find (i) the 
time taken for the bomb to reach the ground, and (ii) the distance by which 
the bomb will miss the target. Neglect all effects of air resistance, and assume 
g=08ms-~ 

SAQ 8 A rifleman holds his rifle with its barrel horizontal at a height of 
1.5m above the ground. He is aiming at a target which is 100 m away also at a 
height of 1.5m. Assuming the muzzle speed of the bullet to be 500 m s~ +, and 
that the barrel is lined up with the target, find (i) the time taken for the bullet 
to reach the location of the target, and (ii) the vertical distance by which the 
bullet will miss the target. Neglect all effects of air resistance, and assume 
g=98ms?. 

SAQ9 A golf ball is hit with an initial velocity of 20ms_' at 30° above the 
horizontal. Find: 


(i) the greatest vertical height achieved by the ball; 
(ii) the speed of the ball when it is at its greatest height; 
(iii) the total time of flight of the ball; 


(iv) the horizontal range of the ball. 


Neglect all effects of air resistance, and assume g = 9.8 ms ” 


Vector notation 


We end this Section with a brief review of the notation we have used to describe vector 
quantities, their components, and their magnitudes; and we introduce you to another 
notation for the magnitude of a vector which we shall need to use in the next Section 
and in later Units. 


Most students have some difficulty with the use of notation and symbols, especially in 
the study of vectors where many new concepts and notations have to be assimilated. 
To make matters worse you sometimes find several different notations, all with the 
same meaning. I could easily find five different textbooks with five different notations 
for a vector! In this Course we use two notations only. The bold print notation is used 
for printed material, 


bold print notation 
for a vector 


e.g. s, v, d, etc. 


and the curly underline notation for written work 


curly underline notation 
for a vector 


e.g. 5, v, d, etc. 


When a vector quantity depends on time (the displacement or the velocity of a 
projectile, for example) we can show this by putting in the time symbol t in brackets, 


e.g. s(t), v(t), etc. time-dependent vectors 


Thus s(t) means the vector s at time t, and we say it as ‘vector ess at tee’ or just ‘ess 
at tee’ or sometimes as ‘ess of tee’. Similarly s(t + At) means the vector s at some later 
time t + At; and s(2), for example, means the vector s at time t=2 s. Sometimes for 
simplicity we omit the (t) and write just s for a time-dependent vector. 


The use of brackets to denote a dependence on time should not be confused with the 
use of brackets in algebra to denote multiplication as in, for example, 


2a+4)=2x@+4=2a+8 


Fortunately, there is little danger of confusion because the context should always make 
it clear to you how the brackets are being used. 


The components of a vector, which are just positive or negative numbers (or zero), 
have been denoted by the italic version of the vector symbol with an x- or y-subscript, 


S 


e.g. 
E of vectors s and v. 


er a subscript notation for the components 


Vy, Vy 
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Of course, in general we need to use three components to describe a vector in three 
dimensions. Thus in three dimensions 


s has components s,, ERA 
v has components v,, D Uz 


The problems in this Unit have all been two-dimensional—they have all involved 
motion in a plane—and in all of them we chose our axes so that Sz, Vz, A, were all zero. 


In later Units, subscripts are also used for entirely different purposes. For example, if 
you are studying the paths of two colliding billiard balls it may be convenient to 
label them as ball 1 and ball 2, and to denote their displacements by s; and s,. The 
components might then be denoted by s,,, Siy, and s5,., S2, SO that s, „ means the x- 
component of the displacement of ball 1, etc. There are no absolute rules for what a 
particular piece of notation means. Physicists use whatever notation is convenient for 
the problem in hand. If the text is well-written the meaning of the notation and sym- 
bols should be made clear to you either by clear statements defining them, or by the 
context. 


The magnitude of a vector is a scalar quantity (like time t, mass m, angle ¢ etc.) and it 
is common practice to denote all scalar quantities by italic symbols 


| ce s is the magnitude of vector s 


Unfortunately this simple notation for magnitude cannot always be used. Consider 
for example the case of two vectors a and b which are to be added by vector addition 
to give a resultant (a + b), as shown in F igure 49. 


How would you denote the magnitude of the resultant a +b? 
Obviously it is not a + b, the magnitude of a plus the magnitude of b. One way is to 
introduce another symbol ¢ to denote the resultant, 
c=a+b 


The magnitude ofa + bis then equal toc, the magnitude of c. Another way which will 
prove to be very useful is to use the so-called modulus notation for magnitude, that is, 
to enclose the vector symbol by vertical lines called modulus symbols, 


|a + b| = magnitude of (a + b) 


The modulus notation is also commonly used to denote the magnitude of single 
vectors, e.g. 
|a| = a = magnitude of a 


|b| = b = magnitude of b 


In this Course we will generally use the ordinary symbol a to denote the magnitude 
of vector a, but you should be aware of the possibility of either notation being used. 


ITQ 35 How would you denote the magnitude of the vector As in Figure 38, 
p. 36? 


ITQ 36 Figure 49 shows two vectors a and b, and their resultant a + b = c. 
Give three ways of writing down the magnitude of the resultant. 


There is one further piece of notation concerned with vectors that we use later in this 
Unit. Consider the following problem. When a book is pushed along a table top, the 
frictional force F has a constant magnitude F and is always in the opposite direction 
to the velocity v (Figure 50a). How can we express this relationship using vector 


(a) (b) 
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resultant 
c=a+b 


Figure 49 Two vectors a and b, and 
their resultant (a + 5). 


modulus notation 


Figure 50 (a) The frictional force F 
acting on a book sliding on a table has 
constant magnitude and always acts in 
the opposite direction to the velocity. 
(b) Unit vector (v/v) is in the same 
direction as v but its magnitude is 1. 
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symbols? Well, we know that 
|F\ =F 


and that F is in the same direction as the vector —v. 


So F = F x (a vector in the direction of — v but with unit magnitude) 


= —F x (a vector in the direction of v but with unit magnitude). 


Now vector v has magnitude v, so a vector that is in the direction of v but which has 
unit magnitude is simply (v/v). So the frictional force F can be written as 


= 


For obvious reasons, the vector (v/v) is called a unit vector. Its direction is the direction 
of the vector v, as shown in Figure 50b, and its magnitude is 


The expression — F(v/v) therefore has magnitude F and is in the — v direction, which 
is just what we required. 


It is possible to form a unit vector from any vector: we simply have to divide the 
vector by its magnitude. Thus 


unit vector (a/a) is a vector with magnitude 1 
and is in the same direction as vector a 


We will make use of the concept of a unit vector in the next Section and in later Units. 
ITQ 37 illustrates another application. 


ITQ 37 Under certain conditions the force of air friction on a body moving 
with velocity v has magnitude F = kv?, where k is a constant and v is the mag- 
nitude of v (i.e. the speed). The direction of the frictional force is opposite to the 
direction of motion. Express the frictional force F in terms of a unit vector, 
using k, v and v. 


Summary of Section 3 


1 The position of a body in space at any time t is described by its displacement s(t) 
from an arbitrary reference point. A displacement s(t) can be represented by a straight 
arrow drawn from the reference point to the position of the body. The displacement 
s(t) has magnitude and direction. Its magnitude s(t) is represented by the length of the 
arrow and is always positive. Its direction is represented by the angle 6(t) of the 
arrow relative to an arbitrary reference line. 


2 A displacement is an example of a vector, a quantity specified by a magnitude 
(always positive) and a direction in space. Velocity, acceleration, and force, are other 
examples of vector quantities. 


3 Vector quantities are printed in bold italic, or in ordinary italic type with a curly 
line underneath, 
e.g. v = v = a vector 


The magnitude of a vector is denoted by printing the vector symbol in italic type 
without a curly line underneath, 


e.g. v = magnitude of v 


An alternative notation for the magnitude of a vector makes use of the modulus 
symbols: 


|v| = v = magnitude of v 
4 Quantities such as speed v, distance s, and time t, which have magnitude only, are 
called scalars. 


5 Any vector quantity can be represented by its components. For any vector vin the 
x-y plane, the x- and y-components are denoted by v, and v,, and are related to the 
magnitude v and direction 0 of v by: 


v 
v= Jo} + v, tan 0 = > 


x 


and Vy 


v cos 0, v, = v sin 8 


unit vector 
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6 To add two vectors a and b, the representative arrows are drawn head to tail, and 
the resultant c = a + b is the arrow drawn from the free tail to the free head. This is 
called triangle addition or vector addition. Vector addition can be expressed in terms 
of the components of the vectors, 


C. = a, Fb, 
Cy = ay + by 
Thus to add vectors, add the corresponding components. 


7 Projectile motion, in the absence of air resistance, is characterized by: 
(i) a constant horizontal component of velocity; 


(ii) a constant vertical acceleration component equal to the acceleration due to 
gravity, g = 9.8 ms 7, downwards. 


8 The path of a projectile, in the absence of air resistance, is a parabola. 


9 For projectile motion the constant acceleration equations 6 and 7 on pp. 17-18 
are vector equations 


v=u-+at 
s = ut + 4at? 


where a is the acceleration vector of magnitude g =9.8ms~? directed vertically 
downwards, and the addition sign represents vector (or triangle) addition. 


10 The direction of a vector v can be specified by giving the unit vector 


(v/v) or (v/|v]) 


This is a vector in the same direction as v, but with a magnitude equal to 1. 


Circular motion and rotations 


The analysis of projectile motion in Section 3 ignored the curvature of the Earth. That 
is, it assumed that the Earth is flat, or at least locally flat over the range of the pro- 
jectile, so that there is a unique horizontal direction and a unique vertical direction. 
The analysis does not, therefore, apply to the motion of inter-continental missiles, or 
to Earth satellites, which are also projectiles in the sense that, after their fuel is 
exhausted, they move under the influence of the Earth’s gravity. 


When a body is projected, one of three kinds of motion will follow. If the velocity of 
projection is small, e.g. cannon balls, cricket balls etc., the motion is of the kind you 
studied in previous Sections. In the opposite extreme, when the velocity is very large, 
the projectile will escape from the Earth’s gravity and be lost in space, as when a 
rocket is launched to explore the solar system—see Figures 51a and 51b. There is an 
intermediate region, however, of considerable practical interest. This is when the 
initial speed of projection is not large enough to take the projectile beyond the in- 
fluence of the Earth’s gravity, but is large enough to take the projectile well outside 
the Earth’s atmosphere before it falls back to the ground. Figure 51c shows the kind 
of orbit or path followed. 


By giving the rocket a sideways boost after initial launch, it can be made to miss the 
Earth on its way back and so move around the Earth in a stable orbit. In general the 
orbit shape is an ellipse (Figure 51d), but by careful control of the boost a stable 
circular orbit can be obtained (Figure 51e). An object launched into an elliptical or 
circular orbit around the Earth is called an Earth satellite. All satellites, whether 
artificial or natural (such as the Moon), move in elliptical orbits which are very often 
nearly circular. In the case of a circular orbit the speed of the satellite is constant. This 
kind of motion is called uniform circular motion. 


Uniform circular motion is an extremely important kind of motion in physics because 
it is easily analysed and provides a good approximation to many naturally occurring 
phenomena. Examples abound in engineering. Think of the number of circular 
motions occurring in the various moving parts of a car. Each one involves design 
problems of timing, and also of stress and strain because circular motion involves 
forces, as you will see in Unit 3. You will also see, in Unit 13, that one of the attempts 
to understand the structure of atoms involves the uniform circular motion of electrons. 
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Earth satellite 


uniform circular motion 
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small v 


Earth 


(a) 


(b) 


sideways 
sideways boost 


boost 


Figure 51 (a) A projectile. The orbit is 
a parabola. 

(b) A space rocket. When the velocity v 

is large enough, the rocket escapes from 


Acceleration of uniform circular motion 


The main part of this Section is based on the TV programme TV2 Acceleration at the pole iets : 
constant speed? Some of the important ideas and terminology used in the programme 2 ei ee 2 ae and the 
are introduced in the following paragraphs which you should study, including ITQs ie? eee a 


See (d) and (e) The rocket is given a 
38-41, before viewing the programme; sideways boost after initial launch, and 


Central to the study of uniform circular motion is the idea of a vector having a subsequently moves around the Earth in 
magnitude that remains constant in time but a direction that is continuously chang- astable orbit. 

ing. It is important to realize that because a vector has direction as well as magnitude, 

the vector will change when its direction changes even though its magnitude remains 

constant. Figure 52a depicts a particle travelling in uniform circular motion of radius 

r. Choosing the centre of the circle O as the point of reference, the displacement of the 

particle at time t is the vector s(t) drawn from O to A, while s(t + At) drawn from O to 


Figure 52 (a) A particle moving in 
uniform circular motion of radius r. At 
time / the particle is at A with 
displacement s(t) from the centre O. At a 
time Az later it is at B with displacement 
s(t + At). During At the displacement 
vector turns through an angle ¢. The 
change of displacement is the vector As 
drawn from A to B. The triangular 
arrangement of the three displacement 
vectors expresses the vector addition 


radius r 


s(t + At) = s(t) + As 


(b) The three displacement vectors are 

redrawn here, and a line has been drawn 
bisecting the angle ¢ and the length | As|. 
(a) (b) See ITQ 38(ii). 
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B is the displacement at a later time t + At. The two displacements have the same 
magnitude, equal to the radius r of the circular path, i.e. 


s(t + At) = s(t)=r 


but the directions differ by the angle ¢. The displacements s(t + At) and s(t) are 
therefore different vectors. You can see from the Figure that s(t + At) is the resultant 
obtained by vector addition of s(t) and the vector As which represents the displacement 
of B from A. That is, 

s(t + At) = s(t) + As 


We can alternatively write this as 
s(t + At) — s(t) = As 


so you can interpret As as the difference between the two displacements, or the change 
of displacement occurring in the interval At. 


ITQ 38 (i) The circular arc AB is the path taken by the particle during the 
interval At. Express this path length in terms of the radius r and the angle ġ in 
radians. (ii) Express the magnitude of the change of displacement, | As|, in 
terms ofr and ¢. You will find it helpful to refer to Figure 52b and to consider 
first the value of sin @/2. (iii) Calculate the ratio 


path length (i.e. arc AB) 
magnitude of change of displacement 


in the case @ = 0.1 radians. 


Figure 53 shows the velocity vectors of the particle at the instants t and t + At. They 
are directed along the tangents at A and B, ic. at right angles to the displacement 
vectors, and are of equal lengths because the speed is constant. Denoting the constant 
speed by v, we can write 

v(t) = v(t + At) =v 


Like the displacement, the velocity vector has a constant magnitude but its direction 
is continuously changing. 


ITQ 39 (i) What is the angle turned through by the velocity vector in the 
interval At? 


(ii) If Av is the change of velocity in the time interval At, draw a rough sketch 
showing the triangular arrangement of the vectors v(t + At), v(t), and Av, which 
expresses the vector addition 


v(t + At) = v(t) + Av 


The constant magnitudes r and v serve to describe the main features of the particle’s 
motion. From an experimental view, however, the speed v is not always as easy to 
measure as the distance r, and so it is sometimes convenient to specify some other more 
easily measured quantity. For example, if you look up the details of the Moon’s orbital 
motion around the Earth in the Table of Physical and Chemical Constants by Kaye and 
Laby, you will find the Earth-Moon distance, 3.84 x 105 km, and the time taken for 
one complete revolution, 27 days 7 hours i.e. a lunar month. The orbital speed is not 
given. 


ITQ40 Calculate the circumference of the Moon’s orbit, and by dividing this 
by the time for one complete revolution, calculate the Moon’s orbital speed in 
kms) 


The time for one complete revolution is called the period of the motion and is denoted 
by the symbol T. Given the period T and the radius r, the speed v is easily obtained by 
the method of ITQ 40 

circumference 


ed = 
Ss period 


(17) 


You will see another example of this in the TV programme where a puck rotates in 
uniform circular motion on a glass table top. The radius r can be easily measured with 
a ruler, and the period T can be measured by timing a complete revolution. 
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B 


v(t + At) 


Figure 53 The instantaneous velocities 
of the particle when it is at A and B are 
directed along the tangents at A and B, 
and have equal magnitudes. 


period 


v(t) 


ITQ 41 Calculate the speed of a puck moving in uniform circular motion of 
radius r = 40 cm and period 2.1 s. 


We have discussed the displacement and the velocity of the particle; now what about 
its acceleration? Can a body accelerate when its speed is constant? To answer that 
question you need to know precisely what is meant by acceleration. Turn back to 
Frame 14 on p.24, where you will see acceleration defined for a body moving along a 
straight path. As it stands, that definition is not adequate for our purposes because 
we are now studying a particle that is not moving along a straight path. However, the 
definition may be readily generalized to include motion along any kind of path. 
To do this we recall that the velocities appearing in the definition are vectors, and so 
we write 


Av v(t + At) — v(t) 
At At 


average acceleration @ 


(18) 


: a : Av 
instantaneous acceleration a = lim |— 
At>0 At 


In ITQ 39 you saw how the change of velocity, Av, is related to the velocity vectors of 
the particle at t and at t + At. Note that the direction of the average acceleration a 
(spoken as ‘ay bar’) is the same as the direction of Av because At is just a number, and 
that the magnitude of the average and instantaneous accelerations are 


|Av| 
At 


: (=) 
a= lim | — 
aro \ At 


You will see in the TV programme how this definition is used to determine the 
acceleration of an object undergoing uniform circular motion. 


a= 


Study comment This is the most appropriate time to view TV2 Acceleration 
at constant speed? A synopsis of this programme appears in the Television 
Notes. The curly underline notation is used in the programme, e.g. an accelera- 
tion vector is denoted by a. 


After viewing the TV programme you should attempt SAQs 10 and 11. 


SAQ 10 The Moon orbits the Earth with a period of 27 days, 7 hours. If the 
distance between the centres of the Earth and the Moon is 3.84 x 10°km, 
calculate the centripetal acceleration of the Moon towards the Earth. (You 
may wish to make use of the answer to ITQ 40.) 


SAQ 11 A child rides on a roundabout that does one complete revolution 
in 6s. If the child is 2m from the centre of rotation, calculate the centripetal 
acceleration. 


You have seen from SAQ 10 that the acceleration of the Moon towards the centre of 
the Earth (2.73 x 107? m s7?) is very much less than the acceleration of a pro- 
jectile near the Earth’s surface (g = 9.8 ms”). Both the accelerations are caused by 
the force of the Earth’s gravity. The reason why the Moon’s acceleration is so much 
smaller has to do with its greater distance from the centre of the Earth, as you will see 
when you study Newton’s law of gravitation in Unit 4. 


The term centripetal, used in centripetal acceleration, refers to the directional char- 
acter of the acceleration, i.e. along the radius towards the centre. In a similar way the 
term centripetal force is used to describe the centrally directed force causing the 
acceleration. For example, the force of the Earth’s gravity is the centripetal force 
accelerating the Moon, and the tension force of the string is the centripetal force 
accelerating the puck. 


What do you think is the physical origin of the centripetal force causing the 
child’s centripetal acceleration in SAQ 11? 


If standing, it is the frictional force between the child’s feet and the floor of the 
roundabout pulling the child towards the centre. If holding on as well, the force 
of the rail on the child’s hands makes a contribution. 


average acceleration 


centripetal force 
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4.2 


You will learn much more about the physical origins of forces in later Units, 


The most important result of the TV programme is the formula for the magnitude of 
the centripetal acceleration 


(19) 


and you are strongly advised to remember this formula. It is equally important that 
you should remember the direction of the centripetal acceleration—towards the 
centre of the circular path. 


By using the idea of a unit vector (see p. 47) we can include both magnitude and direc- 
tion ina single vector formula. To make the notation simpler, we will let r represent the 
displacement vector of the body, drawn from the centre O. Referring to Figure 52a,r 
is equal to the displacement s(t) at the time t. The vector — r is then a vector of lengthr 
directed towards the centre O, and the vector — (r/r) is a vector of unit length directed 
towards O. Thus we can express the magnitude and direction of the centripetal 
acceleration by the vector formula 


(20) 


You should note that the unit vector — (r/r) has no effect on the magnitude v?/r of the 
acceleration; it is a device for assigning a direction to the magnitude, and it is used to 
convert the magnitude v?/r into a vector. 


Angular displacement and angular speed 


In Section 4.1 we described the position of the rotating puck by the displacement 
vector s(t) relative to a fixed reference point, the centre O of the circular path. Because 
the magnitude s(t) remained constant, the position could instead be specified by 
giving the direction of the displacement vector relative to some fixed reference direc- 
tion. This is shown in Figure 54a which depicts a body moving uniformly along a cir- 
cular path in an anticlockwise sense. The position of the body when it is at the point P 
is specified completely by giving the angle ¢ (in radians), so ¢ will vary over the range 
from 0 to 2r radians as the body moves all the way round its path. The angle ¢ in 
Figure 54a is called the angular displacement of the body*. 


P 


(a) 


reference direction = 


(b) 


If at any time t the body is at P, then at time t + At it will be at some point P’ 
shown in Figure 54a. Its angular displacement will have increased by an amount A@ 
in the interval At. The quantity A@/At is a measure of how fast the angular displace- 
ment is increasing. It is called the angular speed of the body, and is usually denoted by 
the Greek letter œw (omega), 


Ao 


lar speed œw = — 
angular speed w N 


The commonly used units of angular speed are radians per second, or rad s~!. Thus to 
calculate the angular speed in these units, the angle Aġ must be expressed in radians. 
If the body’s motion is non-uniform, i.e. if it is speeding up or slowing down, then 
A@/At is the average angular speed over the interval At, and the instantaneous 
angular speed is given by the derivative 


do 


instantaneous angular speed w = ar 


* If we wished to emphasize the fact that the angle ¢ is changing with time as the body moves 
along its path we could do so by writing ¢(t) instead of just ġ. For simplicity of notation, 
however, we shall continue with the notation o. 
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angular displacement 


BETS oe 


reference direction re 


Figure 54 A body moving along a 
circular path in an anticlockwise sense. 
Its position at any instant is described by 
the angular displacement ¢ from a fixed 
reference direction. In (a) the angle ¢ is 
measured in an anticlockwise sense from 
the reference position; in (b) it is 
measured in a clockwise sense. 


angular speed 


In Figure 54a the body is shown moving in an anticlockwise sense and so Ad and œw 
are both positive quantities because @ is measured in an anticlockwise sense from the 
reference direction. If the motion were clockwise, on the other hand, the angle ¢ 
would decrease with time, and Ad and œw would both be negative quantities. These 


conclusions follow from the arbitrary decision to measure the angular displacement: 


in an anticlockwise sense from the reference direction. If instead we had chosen a 
clockwise sense as in Figure 54b, then the angular displacement of P would be given 
by the angle @ indicated in that Figure. The anticlockwise motion shown also in 
Figure 54b would then be described by a negative angular speed w because the angle 
ġ would then be decreasing with time. In any particular problem we are free to decide 
at the beginning between an anticlockwise—positive or a clockwise—positive con- 
vention for ġ. It doesn’t matter which convention we choose provided we stick to it 
consistently throughout the problem. This is entirely analogous to the need to choose 
a positive direction along a Cartesian axis, as you saw in Sections 1-3. 


ITQ 42. The puck observed in the TV programme moved in a clockwise sense 
around its circular path. Using a clockwise—positive convention, determine the 
angular speed of the puck when its measured period is 2.8 s. What would your 
answer be using an anticlockwise—positive convention? 


Actually, the anticlockwise—positive convention is almost always used. 
ITQ43 The body depicted in Figure 54a is observed to move uniformly around 
a quarter of the circle in 1 s. Choose a convention and hence determine the 


angular speed of the puck. 


You can see from the solution of ITQ 42 that the angular speed w is simply related to 
the period T when the circular motion is uniform, 


angular displacement in one period (in radians) 
w = : 
period 


2n 
D = — 21 
o=— (21) 


We can also relate the angular speed w to the orbital speed v of the body along its path. 
Let r be the radius of the circular path. Then, referring to Figure 54a the angle Ad in 
radians is 


_ arc length PP’ 
r 


Ad 


Ag _ arc length PP’ 
At rAt 


(6) 


But the arc length PP’ is the distance travelled by the body in the interval Ar, and so 
arc length PP’/At is equal to the orbital speed v. Thus 


(22) 


ITQ 44 A record player turntable rotates at 334 complete revolutions per 
minute. Find 


(i) the period T; 
(ii) the angular speed œ; 
(iii) the orbital speed v of a fly resting on the turntable 20 cm from the centre. 


ITQ 45 Weare all carried around by the Earth’s uniform rotation about its 
axis. The city of Entebbe is on the equator (within a mile or so) and is therefore 
at a distance of 6 380 km from the axis of rotation, this distance being the Earth’s 
radius. Calculate how fast the citizens of Entebbe are moving as a result of the 
Earth’s rotation. 


You saw in Section 4.1 that a body moving in uniform circular motion has a centri- 
petal acceleration of magnitude 


a=— (eq. 19) 
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It is sometimes useful to express this acceleration in terms of the angular speed œw. 
Using equation 22, we can put v = ar, and so obtain 

a= wr (23) 
Since the acceleration is directed towards the centre of the circle, i.e. it is in the —r 
direction, we can write equation 23 as a vector equation: 


a= —w’r (24) 


As you saw earlier the vector form of equation 19 is 


ee (") (eq. 20) 


where the unit vector —(r/r), which has unit magnitude, specifies that the acceleration 
is in the —r direction—towards the centre of the circle. 


ITQ 46 Calculate the magnitude of the centripetal acceleration of the fly in 
ITQ 44, part (iii), using (a) v?/r, and (b) w?r. 


ITQ 47 A student looking at equation 19 concludes that the centripetal 
acceleration of a body decreases when the distance r is increased, because r 
appears in the denominator in equation 19. A colleague, looking at equation 23 
where r is in the numerator, argues that the acceleration increases when r is 
increased. Who is correct? (Assume that the period is constant.) 


Translation and rotation of a rigid body 


So far in this Unit we have assumed that the position of a body at any instant t can be 
specified completely by giving a single quantity, its displacement s(t), or s, from a fixed 
reference point. Its velocity and acceleration are then given by the derivatives 
v = ds/dt and a = dv/dt and so the whole motion of the body is derived from the 
displacement s(t). While this description is adequate for small point-like bodies, or 
particles as they are generally called by physicists, it is not always sufficient for a 
complete description of the motion of real bodies which have a finite size and shape, 
and which can rotate or spin as well as move bodily along a path. Just think ofa cricket 
ball thrown with spin, or a hammer thrown into the air, or a rolling wheel. Each point 
in the body will follow its own path, more or less different from the paths followed by 
neighbouring points in the body. 


Many real bodies we have to deal with are fairly hard and rigid and do not vibrate or 
bend significantly. Such bodies are called rigid bodies. The motion of a rigid body can 
be described by specifying both its turning motion, which we call rotation or spin, and 
its overall bodily motion along a path, which we call translation. 


z R 
(a) (b) 
S 
S 
o 


Figure 55a shows precisely what is meant by a translation. Each point on the rigid 
body in the Figure undergoes the same displacement s. It is this unique displacement 
vector that characterizes a pure translation without rotation*. In Figure 55b by 
contrast each point on the body undergoes a different displacement (s ¥ s’ for 
example). This is therefore not a pure translation. It is described instead as a transla- 
tion of the point O by a displacement s, and a rotation about the point O by an angular 
displacement ¢. In this way the whole motion ofa rigid body can be discussed in terms 
of just two quantities, or variables to use the technical term, s and ¢. The velocity, for 
example, is specified by giving the translational velocity vector of the point O, 
v =ds/dt, and the angular speed of the rotation about the point O, œ = dd/dt. 


* Remember, a vector is defined by its magnitude and direction only. The three arrows in 
Figure 55a all represent the same displacement vector s because they all have the same 
magnitude and direction. 
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particle 


rigid bodies 
rotation, spin 
translation R 


Figure 55 (a) Translation of a 
hammer. Each point in the hammer 
undergoes the same displacement s. The 
displacement s is sufficient to define the 
translation. 

(b) Translation and rotation of the 
hammer. The translation is described by 
the displacement s of the point O, and the 
rotation by the angular displacement ¢ 
about O. Notice that each point in 

the hammer undergoes a different 
displacement. 


This simple description assumes that the rotation occurs about an axis of rotation fixed 
in direction perpendicular to the plane of the paper. Thus in Figure 55b the assumed 
axis of the rotation is a line at right angles to the plane of the paper through the 
centre of rotation O. If the direction of the axis of rotation is not fixed, as in the case of a 
bicycle wheel turning a corner for example, or a wobbling top, then two more angular 
variables are needed to describe the changing orientation of the axis of rotation in 
space. We shall not be concerned with the details of these complications in this 
Course. 


The point O, relative to which the translation and rotation are referred, is in principle 
arbitrary. We are free to choose. For example, we could have described the motion in 
Figure 55b in terms of the translation of point R and a rotation about R. The transla- 
tion would then be described by the displacement vector s’ which is different in 
magnitude and direction from s. The choice of a centre of rotation can have a dramatic 
effect on the translation. This is illustrated in Figure 56a which shows a translation s 
and a rotation ¢ about the chosen point O. Figure 56b, however, shows the same 
motion, but the chosen point is the point P which undergoes no translation at all! The 
motion can therefore be described as a pure rotation about the point P. This is, of 
course, a special case because it is not always possible to transform the translation 
away completely by a clever choice of the centre of rotation. However this special case 
does occur quite commonly in the real world. Consider our Moon for example. You 
may know that the Moon orbits the Earth in such a way that it keeps the same face 
turned towards us, as if it were rigidly connected to the centre of its orbit. In fact the 
other side of the Moon was completely unknown to us until the late 1960s when space- 
craft were sent round the Moon to take photographs. The motion of the Moon is 
depicted in Figure 57a. It can be described as a pure rotation about the centre of its 
orbit, the point P, with period 27 days 7 hours. Alternatively we could refer the 
motion to the point O, the centre of the Moon. The point O undergoes a translation 
along the circular orbital path with period 27 days 7 hours. This translation by itself, 
shown in Figure 57b, does not reproduce the Moon’s actual motion depicted in 
Figure 57a. We have to superimpose a rotation of the Moon about its axis through O 
with the same period and the same sense (clockwise in Figure 57). This description in 
terms of an orbital translation of O and a rotation about an axis through O is entirely 
equivalent to the description in Figure 57a which is in terms ofa rotation only about P. 


Although the choice of the centre of rotation is in principle arbitrary, there are often 
certain points that suggest themselves on geometrical grounds—the centre point ofa 
spherical body for example. In the case of a less regularly shaped body, however, such 
as a hammer, there may be no obvious preferred point. If the hammer is thrown into the 
air like a projectile, we can describe its motion as a translation and a rotation about an 
arbitrary point, but this description might be incredibly complex. Figure 58 shows the 
path followed by an arbitrary point as the hammer tumbles along its path. Your study 
of projectile motion might prompt you to ask whether there is in fact any special point 
in the body which does move along a smooth parabolic path, of the kind you dis- 
covered in Section 3.5, with the rest of the hammer simply rotating about this special 
point. You will see in Unit 3 that there is such a point. It is called the centre of mass of 
the body. Its position cannot be determined from geometrical considerations alone, 
because it depends on the mass distribution in the body. Mass is a dynamical con- 
cept which we have not defined in this Unit and we therefore leave the question here; it 
will be taken up again in the next Unit. 
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Figure 56 (a) The new position of the 
hammer is described by a translation of 

the point O by a displacement s, and a 
rotation about O of angular displacement ¢. 
(b) The same change as in (a) is 

described here by a rotation about P of 
angular displacement ¢, with no 

translation of P. 


Figure 57 (a) The Moon rotates about 
an axis through the centre of the Earth, 
and so always shows the same face to us. 
(b) Translation of the Moon around its 
orbit without a rotation. A rotation 
about an axis through the Moon’s centre 
O must be included to produce the 
Moon’s actual motion. 


os 
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Figure 58 The complex path of an 
arbitrary point O in a hammer thrown 
into the air with a tumbling spin. 
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4.4 


Summary of Section 4 
1 Uniform circular motion is motion along a circular path at constant speed. 


2 The period T of uniform circular motion is the time taken for one complete 
revolution. 


3 A body moving in uniform circular motion has an acceleration directed inwards 
towards the centre of the circular path and of magnitude v?/r where v is the constant 
speed and r the radius of the path. In vector form the acceleration is given by 


2 
a= — x 6 (eq. 20) 


where —(r/r) is a unit vector directed towards the centre of the circular path. 


4 The acceleration of uniform circular motion is called centripetal acceleration, 
and the inwardly directed force causing the acceleration is called a centripetal force. 


5 The angle made by the displacement vector with a fixed reference direction is 
called the angular displacement ġ. The rate of change of the angular displacement is 


called the angular speed w. For uniform circular motion 
Ag 

w = — 

At 


6 The period T of uniform circular motion, and the orbital speed v, are related to the 
angular speed w by 


2T 
———= Su 
O =a (eq. 21) 
v= or (eq. 22) 


7 In terms of the angular speed, the centripetal acceleration has magnitude w?r, i.e. 
a= -wr (eq. 24) 
where r = s(t) is the displacement vector from the centre point O. 


8 A rigid body is a body of finite size but which does not vibrate or bend significantly. 
The motion of a rigid body is described by a translation and a rotation. The transla- 
tion is specified by the displacement s of an arbitrary point, and the rotation by the 
angular displacement ¢ about that point. 


Objectives 


Now that you have completed this Unit, you should be able to: 


1 Plot and interpret displacement-time graphs and velocity—time graphs from 
tables of data (ITQs 1, 2, 3 and 9) 


2 Measure the gradients of linear and curved graphs and know how to interpret 
gradients (ITQs 5, 6 and 8) 


3 Recall the definitions of average velocity and average acceleration, and know how 
to measure these quantities from displacement-time and velocity-time graphs (/TQs 
4, 7, 10, 29, 30, 31, 36 and 37) 


4 Recall the definitions of instantaneous velocity and instantaneous acceleration as 
gradients of graphs and as derivatives (J7Qs 8 and 11; SAQs 3 and 4) 


5 Recall, and apply to simple problems, the constant acceleration equations 
v=u +at 
s = ut + 4at? 
v? = u? + 2as 
(ITQs 14, 16, 17 and 18; SAQs 1 and 2) 


6 Understand the use of the derivative notation dy/dx, know how to interpret 
derivatives as rates of change, and obtain the derivatives of linear and quadratic 
functions (SAQs 3 and 4) 
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7 Understand what is meant by a displacement vector for a body moving in space. 


(ITQs 19, 20, 21 and 22) 


8 Calculate the magnitude and direction of a vector given its components, and vice 


versa (ITQs 23, 24, 25. 26 and 27) 


9 Add two vectors by addition of components, and by triangle addition (ITQs 28, 


29, 36 and 37) 


10 Solve projectile problems at the level of the worked example in this Unit (ITQ 


32; SAQs 5,6, 7, 8 and 9) 


11 Recall the magnitude and direction of the centripetal acceleration of a body 


moving in uniform circular motion, and apply the equation 


to: simple problems (SAQs 10 and 11; ITQ 46) 


12 Give definitions of angular displacement, angular speed, and period, for a point 


moving in uniform circular motion. 


13 Recall and know how to use the relationships 
@=— and v=or 


for uniform circular motion (J7Qs 42, 43 and 44) 


14 Explain what is meant by the rotation and translation of a rigid body. 


ITQ answers and comments 


ITQ1 Your graph should look like Figure 59. 
1507 


displacement / m 


50 


0 20 40 60 
time/s 


Figure 59 Displacement-time graph from Table 1. 


ITQ 2 (i) The displacement after 32 s is approximately 51 m. 
(ii) The time to travel the first 100 m is approximately 48 s. 


ITQ 3 (i) The reference point is at ground level directly below 
the point of release, and upwards is the chosen positive direction. 
Thus at time t = 0 the stone has a displacement of + 10 m above 
the ground. At the end of its journey it hits the ground and so its 
displacement from the ground is then zero. 


(ii) See Figure 60. 


displacement/m 


0 1 
time/s 


Figure 60 Displacement-time graph for a falling stone. The point 
of release is the reference point. and downwards is the chosen 
positive direction. 


ITQ4 The interval from 45 to 60s is of duration 15 s. During this 
interval the displacement changes from 90 to 135 m, i.e. by 45 m. The 
velocity is therefore 


45 metres = 


15 seconds = 


ITQ5 The steeper the graph, the greater is the displacement in a 
given interval of time, and therefore the greater is the velocity. The 
correct orderingisD B A C. 


ITQ 6 (i) The gradient has a numerical value of 130, and it 
represents the cost per unit mass of sugar in pence per kilogramme. 
We say the gradient is 130 p per kg. 


(ii) The gradient has a numerical value of 1 000, and it represents 
the density of water in kilogrammes per cubic metre. We say the 
gradient is 1000 kg m~ 3. 


(iii) We'll do this one in detail for you. See Figure 61. 
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Figure 61 P and Q are arbitrary points on the straight line, and 
the gradient is calculated from the coordinates of these points. 


J2 VA 
Value of the gradient = x, — x i 


10.3°C SSC  —1.25 
750m — 250m 500 


°C m~! = —0.0025°C m~! 


The gradient represents the rate of increase of temperature with 
altitude in °C per metre. The gradient is negative, indicating that the 
temperature decreases with altitude. 


ITQ7 (i) You should obtain the following values, to within the 
experimental error of about 5% or so. 


1 


Interval/s Average velocity/m s~ 


5 to 10 


(ii) Your graph (Figure 12) should look approximately like the one 
in Figure 62. 
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Figure 62 The average velocity is plotted against the time interval 
over which it is calculated. 
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ITQ8 Figure 63 shows the graph and tangent lines. 


(.36—-0)m 1.36m 
(08—O11)s 0.69s 


Gradient at 0.2 s 1.97ms_! 


(2.90 —0)m 290m 
(08—03)s 05s 


Gradient at 0.6 s = = 5.80ms 1 


N 
1 


displacement /m 
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Figure 63 Tangent lines at 0.2 s and 0.6 s. 


Note that because the tangent lines are straight their gradients can 
be found by using equation 2 over any chosen interval. We have 
chosen time intervals from 0.11 to 0.8 s, and from 0.3 to 0.8 s in the 
two cases. 


ITQ9 Your graph should look like Figure 64. The points lie 
approximately on the straight line shown. 
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a 
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Figure 64 Velocity-time graph of a falling ball. 


ITQ 10 By choosing a time interval At, the measured gradient is 


change of velocity 
At 


= about 10 m s~? 


and represents an acceleration of about 10 ms”. This is approxi- 
mately the acceleration due to gravity. A better value, to one 
decimal place, is 9.8 ms~?. 


ITQ 11 (i) By drawing tangent lines at 10 s, 40s and 55s, you 
should measure gradients of numerical values 0.66, 0, and —1.3 
respectively. The accelerations are therefore 0.66ms 7, 0, and 
— 1.3 m s~? respectively. 


(ii) The car accelerates from rest to a steady velocity of 17.5 m s~ ' 


in about 34s, remains at that velocity for about 10 s, and then 
decelerates to rest in about 15 s. (We often call a negative accelera- 
tion a deceleration.) 


ITQ 12 At 40s, 


net force 
~ 1000kg 


Oms ? 


net force = 0. 
At 55s, 


net force 
1000 kg 


Aims S 


net force = 1 000 kg x (— 1.3) m s7? 
— 1300kg m s~? 


TOB Geden- 2S 
t—0 t 


The gradient represents the constant acceleration of the body. 


ITQ14 (i) Theinitial velocity isu = 0 because the car starts from 
rest. The acceleration is given as a = 0.67ms 7, and equation 6 
gives 
v=0+067ms ? x 26s 
x 17.44m s`} 
Gi) In this case you are given u = 5 m s™ t, and v = 10 m s~ t 
asked to find the time t. Thus using equation 6 


, and 


10ms-'=5ms-!'+067ms ? xt 
Sms 


RE 
0.67 ms? S 


ITQ 15 Area of trapezium = area of rectangle + area of triangle 
= ut + #(v — ut 
ITQ16 Youare given the initial velocity u = 0 (because the stone 


starts from rest), t = 2s, and a = g (=9.8 ms *). The distance 
fallen is given by using equation 7. 


s = ut + 4at? 


s=Oxt+4x98ms? x (2s)? 
= 19.6m 


(We have used downwards as the positive direction in this solution.) 


ITQ17 Youare given s = 2 m, and (from ITQ 16)a=98m s 2 
and u = 0, and you are asked to find the velocity v. Using equation 
6 gives 


v=0+98ms * xt 
But we don’t know the time t. However, we also have from equation 7 
2m=0+4x98ms? x t? 
From the first equation above we can write 


v 


eeen 
9.8 m s~? 


and so the second equation becomes 
v? 


2m=0+ż4x98ms? E 
which gives 
v? = 4m x 9.8 ms™? = 39.2 m° s~? 


v = 6.26m s` ' 
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ITQ 18 Putu = 0,a = 9.8 ms™?, and s = 2 m. 


Then v =0 +2 x98ms™? x 2m 
= 4 x 9.8 m? s~? 
v = 6.26m s`! 


As you would expect, we get the same answer from using equation 8 
as we did from using equations 6 and 7 in ITQ 17. 


ITQ 19 One possible answer is 
distance = 8.2 m (from O) 


angle = 31° above the horizontal line OE. 


ITQ 20 (i) s(1) is the distance from O att = 1 s. Knowing the 
strobe interval to be 0.1 s, we can identify the relevant image as being 
the 10th from O. Measuring the distance from O you should find 
s(1) = 7.1m. 

(ii) (1) is the angle above the horizontal line OE at t = 1 s. You 
should find 6(1) = 45°. 


(iii) (1.5) is the displacement after 1.5 s (at the 15th image from O). 
Measuring both distance and angle you should find s(1.5) = 8.4 m, 
and 6(1.5) = 27.5°. Remember, displacement s (1.5) is a vector and 
to specify it you must give both a distance and a direction. 


ITQ 21 (i) The two displacements are shown respectively bya 


straight arrow drawn from O to E, and a straight arrow drawn from 
A to E. 


(ii) The displacement is shown bya straight arrow drawn from A to 
O, i.e. an arrow like the one in Figure 27 but with direction reversed. 


ITQ 22 See Figure 65. 


Figure 65 Arrows representing the displacements specified in ITQ 22. 


ITQ 23 See Figure 66. 


y/m* (i) (ii) 
34 
| 
| 
24 = | 
| | 
| | 
14 l l 
| | 
| | 
+— = shad 
zi 0 Im Si 0 1 x/m 


Figure 66 Arrows representing the displacements specified in 
ITQ 23. 


ITQ 24 (i) Magnitude s = \/s? + s? = /(1 m}? + (2 m}? = 
5 m? = 2.24 m. 


Direction 0 above the x-axis is given by tan 0 = 2/1 = 2, so 0 = 63.4° 


Gi) Magnitude s = \/s? + s? = (7m) + (42 m)? 


= ./66.64m* =8.16m 
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Direction 0 above the horizontal line OE is given by 


0.42 
tan 0 = — = 0.60 d= 312 
0.7 


These values of s and @ are consistent with the measured values 
given in the answer to ITQ 19. 


ITQ 25 See Figure 67. The X-component is s, = 10 cos 60° = 
10 x 0.5 = 5m. The y-component is 5, = 10 sin 60° = 10 x 0.866 


= 8.66 m. You may know that sin 60° = /3/2 and so an answer of 
5 B m is acceptable for the y-component. 


| 

| 

| 

| 

| 

| 

| 

| 

L > 
SS ee 


Figure 67 s, and s, are the components of the vector s in ITQ 25. 


ITQ 26 (i) The components are measured on Figure 68. The 
velocity arrow is drawn 5 cm long to represent a speed of Sms ! 
using a scale of 1 cm for 1 ms~'. The measured components are 


x-component: 2.5 cm representing 2.5ms~! 


y-component: 4.3 cm representing 4.3 m s~! 
a 


y 
(North) scale: 1 cm = | ms 


4.3 m 


L > 
+—2.5ms !|——> (East) 


Figure 68 See ITQ 26. 


Remember the angle 0 in equation 10 is the angle between the vector 
and the x-axis. In this problem the velocity is 30° from the y-axis. 
The angle 6 is therefore 90° — 30° = 60°. 

` X-component is v, = v cos 0 
5 cos 60° m s~! 


=5xims !=25ms! 


y-component is v, = v sin 0 
5 sin 60° m s~! 
/3 
25x S si = 5 x 0866ms ` 


ll 


=433ms ! 


(ii) The acceleration due to gravity is a vector of magnitude 
9.8 m s~? directed vertically downwards. It therefore has a horizon- 
tal or x-component of zero. If the y-axis has its positive direction 
pointing upwards, then the vertical or y-component is —9.8 ms~2. 
If the positive y-direction is downwards then the y-component is 
9.8ms~?. 
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ITQ 27 (i) You should have 


amm a, = 4.2 m 


b, =2m b, = —24m 


c.=9m cy = 18m 


(ii) You should note that c, = a, + b, and Cy = a; + by: 


(ii) b = ./(2)? + (—2.4)? m 


= 3.1 m (to one decimal place) 


S b; 2m = b, —2.4m Z 
(iv) =——=5ms', —-= ——_= _6ms"! 
04s 04s 04s 0.4 s 
hat a che tac 
je a = ms o one decimal place) 


These are, respectively, the x- and y-components of, and the mag- 
nitude of, the average velocity over the interval of 0.4 s. 
ITQ 28 The resultant has components 

s, =1+(-1)=0 


s,=24+3=5 


y 


The magnitude of the resultant is s = ,/0? + 5? = 5 


ITQ29 From Figure 36 you can see that the length AB (in velocity 
units) 


=20ms_! x cos 45° 
= 20 x 0.707 = 14.14ms7! 
Now the sine of the angle « is opposite over hypotenuse, i.e. 


_ length AB 14.14 
length OA 150 


= 0.09427 a = 5.41° 


This answer is more accurate than the estimate of x = 6°, which was 
made by using a protractor on Figure 36. 


ITQ30 (i) The x-component of As is found from Figure 39 to be 
(As), =6m 


Dividing by the time interval of 1.2 s gives 


(As), = —2.4 m 
—2.4 
and so ty = T —2ms_! 
12s 


(iii) The values of ō, are the same. 


ITQ 31 v,(0.2) covers 3.2 scale divisions 


5 =i =i 
v,(0.2) = 3.2 x sms = 8.0ms 


ITQ 32 Table 5 
Time t/s v,(t)/m s~! 
0.2 8.0 
0.4 2.35 x $=59 
0.6 1.6 x $= 40 
0.8 0.8 x $=2.0 
1.0 0 


(Your answers may well differ by about +0.1 ms~! from ours 
because of errors of measurement.) 


ITQ 33 (i) Since v, is constant, v,(t) = v,(0) = v cos 0 
(HS —c21-— tv cos 0 xe kr 
(iii) v,(0) = v sin 0 
(iv) Usings = ut + 4at? for the vertical components, we put s = 0, 
u = v,(0) = v sin 0, a = —g, and t = T. Thus 
0 = vsin x T + {—g)T?. or 
0 = vsin 0 — 4gT. 


(v) We have two equations containing T, 
R=vcos 6 x T 
0 = v sin 8 — 4gT 


From the first of these we have T = R/v cos 8. Putting this into the 
second equation gives 

gR 
2v cos 0 


0 = vsin 0 — 


= 2v? sin 0 cos 0 


g 
ITQ 34 (i) 1) = VO + 00? = /10? + 7.5? ms"? 
= 12.5ms™! 


(ii) The values of v, are given in the answer to ITQ 32, and the 
constant value of v, is 5ms~ t+. Using Pythagoras’ theorem in the 
same way as part (i), v (0.2)=94ms_', v (0.4) = 7.7ms™!, 
v (0.6) = 6.4m s~ t, v (0.8) = 5.4m s~ t, v (1.0) = Sms}. 


ITQ 35 The magnitude of As is denoted by |As|. Note that As 
would be wrong, because As means the change of the magnitude s. 


ITQ 36 c,or|c|, or |a + b|. 


ITQ 37 The force vector F has magnitude kv? and direction op- 
posite to v, i.e. the direction of F is the direction of —v. A unit vector 
in this direction is — (v/v). Hence, 


F = —kv? © 
v 


ITQ 38 (i) Refer to Figure 52a. The angle ¢ in radians is, by 
definition, 


ġ = are length AB 
radius r 


arc length AB = rd 
(ii) Refer to Figure 52b: 


: (5) 2|As| 
sin{—] = 
2 r 
|As| = 2r sin($) 


ro 


(iii) The ratio is ———— = 
arsin{E) sin) 

r sin| — sin{ — 

2 2 


When ¢ = 0.1 radians, $ = 0.05 radians, 


and sin z = 0.04998 


0.05 


ratio = = 
0.04998 


If you work out the value of this ratio for even smaller angles, you 
will find that it is closer to unity. This important result will be used in 
the TV programme. 
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ITQ 39 (i) Refer to Figure 53. The angle between the velocity 
vectors at A and B is the angle ġ. This is because ¢ is the angle 
between the displacements at A and B, and the velocity vectors are 
at right angles to the displacements. 


(ii) The vectors v(t) and v(t + At) have to be drawn with the same 
magnitude and direction as they have in Figure 53 but in a tri- 
angular arrangement with the change of velocity Av, as in Figure 69. 
Note that the vectors v(t) and Av are the ones that we added, and are 
therefore drawn head to tail, while v(t + At) is the resultant. 


v(t + At) 


v(t) 


Av 


Figure 69 The velocity addition triangle. See ITQ 39. 


ITQ 40 The circumference is 2nr = 2r x 3.84 x 10°km 
= 2.413 x 10°km 


The time for one complete revolution is 
(27 x 24 + 7) x 60 x 60s = 2.358 x 10°s 

The orbital speed is 
_ 2.413 x 10° km 


= 1.023 kms"! 
2.358 x 10°s 
Qnr 2m x 0.40 
10 4=<Spxtee oS St! 
T 2.15 


ITQ 42. The puck travels through 2r radians (i.e. a complete circle) 
in the period T. Thus the angular speed is given by 


2n 2n = 
= — = — = 2.24 rad s`! 
F288 


With an anticlockwise—positive convention the answer would be 
—2.24 rads}. 


ITQ 43 Using an anticlockwise—positive convention, the angular 
speed is 


A 2 
ee SS re 
At ls 


ITQ 44 (i) 334 complete revolutions per minute is 333 + 60 = 


5/9 complete revolutions per second. This gives a period T = 


3571 


a 2n 2n Q 
(ii) œ =— =— = 3.49 rad s`! 
T s 


(iii) speed v = wr = 3.49 rads! x 0.20 m 
= 0.698 m s~! 
ITQ 45 The angular speed of the Earth’s rotation about its axis is 


2n radians 


0S FTN tad's= 
24 x 60 x 60s 
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Now use v = wr with r equal to the Earth’s radius, 
v = 7.27 x 10° rads" x 6380 km 
= 0.464 kms"! 


v? (0.698 m s~*)? 


IT 2 TMm? 
onae 02m = 


a = wr = (3.49 rads ')? x 02m=2.44ms ? 


SAO answers and comments 


SAQ1 The initial velocity is given as u = 300 m s~ +, and we know 
that v = Oat the highest point. The acceleration is —9.8 m s~? if we 
choose upwards as the positive direction. Thus, using equation 8 we 
have 


0=(300ms ')? +2 x (—9.8ms 7) x s 


300? 
2 x98 


m 


= 4592 m = 
SAQ 2 You are given u = 0, v = 50 m s~ +, and s = 800 m, and 
you are asked to find the acceleration a. Using equation 8 we obtain 
(50 m s71)? = 0? + 2 x a x 800m 
50? 
2 x 800 


= 1.56ms * 


ms 2 


SAQ3 (i) s(5) = [—0.4(52) + 25 x S]m 


=115m 


i 


(ii) The velocity is the derivative of s = —0.4t? + 25t 


ds 
; = —= —0.8r + 25 
: dt 


Att = 5 s, this is 


v(5) = [—0.8 x 5+ 25]m s~™' 


=21ms! 
(iii) The acceleration is the derivative of v = —0.8t + 25 
dv 08 = 
a=— = —0.8 ms 
dt 


SAQ 4 (i) N(5) = 10000 + 1000 x 5+5 x 5? 
= 15 125 


(ii) The rate of growth is the derivative of N = 10000 + 1 000t 
+ 5t?. The derivative is 


dN 
— = 1000 + 10t 
dt 


At t = 5 hours this is 1 050 hour +. 


SAQ 5 The initial velocity has a magnitude of 140 ms _', and is 
directed horizontally. Thus the initial velocity components are 


v,(0) = 140 cos 0° = 140 m s~} 
v,(0) = 140 sin 0° = 0 


The horizontal motion is therefore motion witha constant horizontal 
velocity component of 140 m s~ +, i.e. 


v(t) = 140 ms" 
S,(t) = v,(t) x t= 140t 


If T is the time of flight then s,(T) = R, and so R = 140 T. 
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ITQ 47 The first student is wrong because he forgets that v 
depends on r, i.e. v = œr. Therefore 


v? (wr)? 7 
=== = or 
r r 


@ is independent of r and so the formula w?r shows directly that a 
increases as r increases. 


The vertical motion is motion under gravity with an initial speed of 
v,(0) = 0, and acceleration a, = —9.8ms *. Using equation 7 now 
gives 

s(t) = 0 + (—9.8)r? 


with s,(t) = —40 m when t = T, i.e. s,(T) = —40 m. 
—40 = +(—9.8) T?. 


Note that s,(T) is negative because the final displacement is below 
the point of projection. 


The horizontal motion gave T = R/140, and so the above equation 
gives 

R? 

140? 


40 = 4(-9.8) 
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R? = 140? x — m? 
9.8 

R = 400 m 


SAQ 6 The horizontal component of the motion has a constant 
velocity component of v,(t) = v cos 45° = v/,/2 where v is the 
unknown speed of projection. See Figure 70. If T is the time of flight, 
then using s,(t) = v,(t) x t for the horizontal components, we have, 
att=T 

vT 

21.32 = —= 

2 


45° 


AA 21.32 m —____—_——_> 


Figure 70 The shot is projected with an initial velocity v at the 
optimum angle of 45° above the horizontal. 


The vertical component of the motion is motion under gravity with 
an initial velocity of v,(0) = v sin 45° = INO Using equation 7, 
p.18, for vertical components, and putting s,(T) = 0 because the 
shot starts and finishes at ground level, we have 


vT 
0 = — + #(—9.8)T? 
h 
08 
=—--—T 
2 2 
AR /2 


Using T = from the horizontal motion, the above 


v 
equation becomes = 
SSE 21.32,/2 
== 7 pie ee 
ae. v 
Multiplying through by v/./2 gives 
v? 98 


0 = — — — x 21.32 
2 2 


v= ./9.8 x 21.32ms ! = 14.5ms_} 


(We have used cos 45° = sin 45° = N2 You could alternatively 
have used the value cos 45° = sin 45° = 0.707, to three decimal 
places.) 


SAQ 7 At the instant when the bomb is released it has an initial 
velocity equal to the velocity of the aircraft, that is a horizontal 
velocity of 120 m s™!. As the bomb falls it continues to move 
horizontally with this initial velocity component, but also acquires a 
downwards vertical velocity component because of the acceleration 
due to gravity. 

(i) To find the duration of flight we can use the constant accelera- 
tion equation s, = u,t + 4a,t? for the vertical components. We put 
u, = 0 because the initial velocity of the bomb is horizontal and has 
no vertical component, we put s, = 1 000 m, this being the vertical 
component ofthe displacement ofthe bomb, anda, = g = 9.8ms 7. 
Thus Sy = U,t + 4a,t? 


1000 = 0 +4 x 9.8 x 1? 


> 2x 1000 = 
P= = wis 
t= 143s 


Note that we have taken downwards as the positive direction in this 
problem. This makes s, and a, both positive because the displace- 
ment of the bomb has a downwards vertical component and g is 
directed downwards. We could equally well have chosen upwards 
to be the positive. We would then have put s, = — 1 000 m, and 
a, = —9.8 ms 7, and obtained the same answer as before. 


(ii) The bomb falls with a horizontal velocity component of 120 m 
s7}, and the time taken to reach the ground is 14.3 s. The bomb will 
therefore miss the target by a horizontal distance of 120ms~! x 
14.3 s =1716m. 


SAQ8 Theinitial velocity of the bullet is 500 m s~ ' in a horizontal 
direction. The horizontal component of velocity is therefore 


500 m s` ', and the initial vertical component of velocity is 0 m s7}. 


(i) The time taken is found from the given horizontal distance of 


100 m, and the known horizontal velocity component of 500 m s~}: 


100 m 
500 m s~! 


(ii) The bullet will miss the target by a distance equal to the vertical 
component of its displacement in the time interval of 0.2 s during 
which it is falling under gravity. Using a downwards-positive 
convention, we use s, = u,t + 3a,t? for the vertical components, 
witha, = g =9.8ms *,t = 0.2s,andu, = 0 


time taken = =0.2s 


sy = [0 x 0.2 + 5 x 9.8 x (0.2)?] m 
= [0 +4 x 98 x 0.04] m = 0.196 m 


(Note that for an upwards-positive convention we would have 


S. 


, = [0 x 0.2 + $ x (—9.8) x (0.2)?] m 


ll 


s —0.196 m 


y 


The negative result here tells you that the vertical displacement is 
downwards.) 


SAQ 9 (i) To find the greatest vertical height we can use the 
constant acceleration equation v? = u; + 2a,s, for the vertical 
components. That is we put u, = 20 sin 30° = 20 x 0.5 = 10 ms™' 
this being the initial vertical velocity component of the ball, v, = 0 
because at its highest point the ball is moving horizontally with zero 
vertical velocity component, and a, = —9.8 m s~? (taking upwards 
as the positive direction.) Thus we have 


aa 
v, = uy + 2ay,s, 


0? = 10? + 2 x (—9.8) x Sy 
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This, the vertical component of the displacement, is the required 
greatest height of the ball. 

(ii) When the ball is at its highest point it is moving horizontally 
with a speed equal to the horizontal component of the initial velocity 
of projection. That is a speed of 


3 
20 cos 30° = 20 x = 10,/3 ms! 


or 17.3 m s™* using a calculator to three significant figures. 

(iii) To find the total time of the flight we use the constant acceler- 
ation equation s, = u,t + 3a,t? for the vertical components. That is 
we puts, = Obecause the total displacement of the ball isa horizontal 
vector having zero vertical component, a, = —9.8 ms? (taking 


upwards as the positive direction), and u, = 20sin 30° = 10 ms™'. 


Thus 
Sy = uyt + 3a,t? 
0 = 10t + 3(—9.8)1? 


2X10 
t= 
9.8 


= 2.04 s 


(iv) Knowing that the horizontal motion is a constant velocity of 
20 cos 30° = 17.3 m s~ +}, and that the time of flight is 2.04 s, then the 
horizontal range is 


17.3 ms! x 204s = 35.3 m 


Note that this is equivalent to using the constant acceleration equa- 
tion s, = uxt + 4a,t? for horizontal components, with a, = 0 
because there is no horizontal component of the acceleration of 
gravity. 


SAQ 10 We know from ITQ 40 that the Moon orbits the Earth 
with an orbital speed of v = 1.023 km s~ +. Its centripetal accelera- 
tion is therefore of magnitude 


v (1023 ms~!)? 


=a 


SAQ 11 The period is given as T = 6s, and so the speed of the 
child at a distance of 2 m is 
2mr 2xnx2m 


== = 2.094 m s~! 
v T ae ms 


The centripetal acceleration is 


02 _ (2094 m s~) 


= 2.19 m s~? 
r 2m 2 


We could get the same answer using the alternative expression 
derived in the TV programme: 


4n?r a 4n? x 2m 


72 69? =219ms~? 


a 
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